
 

 
wÎfy‡Ri ¸Yvejx 19 

BDwbU  

 
 

f‚wgKv 

GKwU wÎfz‡Ri wZbwU evû I wZbwU †KvY Av‡Q| ABC wÎfz‡Ri ∠BAC, ∠ABC I ∠ACB †KvY¸‡jv‡K h_vµ‡g 

∠A, ∠B I ∠C Ges ∠A, ∠B I ∠C †Kv‡Yi wecixZ evû¸wj‡K h_vµ‡g a, b I  c Øviv wb‡`©k Kiv nq| wÎfz‡Ri 

GB QqwU Dcv`vb Ab‡c¶ bq| wÎfz‡Ri †KvY I evû¸‡jv ci¯úi ci¯ú‡ii mv‡_ m¤úK©hy³| GB BDwb‡U Avgiv 

wÎfz‡Ri Dcv`vb¸wj †h mg —̄ m~Î Øviv m¤úwK©Z †mB m¤ú‡K© Av‡jvPbv Ki‡ev| 
 

D‡Ïk¨ 
 GB BDwbU †k‡l Avcwb- 
 0  wÎfz‡Ri mvBb m~Î cÖgvY I cÖ‡qv‡Mi `¶Zv AR©b Ki‡eb, 
 0  wÎfz‡Ri †KvmvBb m~Î cÖgvY I cÖ‡qv‡Mi `¶Zv AR©b Ki‡eb, 
 0  wÎfz‡Ri †¶Îdj wbY©‡q `¶Zv AR©b Ki‡eb, 
 0  wÎfz‡Ri †h †Kvb †Kv‡Yi AbycvZ‡K Zvi evûi gva¨‡g cÖKvk Ki‡Z cvi‡eb, 
 0  wÎfz‡Ri ¸Yvejx m¤úwK©Z wewfbœ mgm¨v mgvav‡bi `¶Zv AR©b Ki‡eb| 
 
 

cvV c~e© Av‡jvPbv  
wÎfz‡Ri mv‡_ m¤úwK©Z K‡qKwU e„‡Ëi msÁv 
cwie„Ë Ges Zvi e¨vmva©t wÎfz‡Ri wZbwU †KŠwYK we› ỳ w`‡q AwZµvš— e„Ë‡K H wÎfz‡Ri cwiwjwLZ e„Ë ev cwie„Ë 
(Cirscumscribed circle) e‡j| H e„‡Ëi †K› ª̀ I e¨vmva©‡K h_vµ‡g cwi‡K› ª̀ (circum-centre) I cwie¨vmva© 
(Circum-radius) e‡j| mvaviY cwie¨vmva©‡K r Øviv m~wPZ Kiv nq| wÎfz‡Ri evû¸‡jvi j¤^ mgwØLÛKÎ‡qi 
†Q`we›`yB cwi‡K› ª̀| 
 
Aš—te„Ë Ges Zvi e¨vmva© t †h e„Ë wÎfz‡Ri wZbwU evû‡K Aš—t ’̄fv‡e ¯úk© K‡i Zv‡K H wÎfz‡Ri Aš—wj©wLZ e„Ë ev 
Aš—te„Ë (Inscribed Circle) e‡j| H e„‡Ëi †K› ª̀ I e¨vmva©‡K h_vµ‡g Aš—t‡K› ª̀ (In-centre) I Aš—te¨vmva© (In-
radius) e‡j| Aš—t e¨vmva©‡K mvaviYZ r Øviv m„wPZ Kiv nq| wÎfz‡Ri Aš—t ’̄ †Kv‡Yi wØLÛKÎ‡qi †Q`we› ỳB Aš—
t‡K› ª̀| 
 
ewnte„Ë Ges Zvi e¨vmva©t wÎfz‡Ri GK evû‡K Aš—t ’̄fv‡e Ges Aci evûØq‡K ewnt ’̄fv‡e ¯úk© K‡i Ggb †h 
wZbwU e„Ë A¼b Kiv hvq Zv‡`i‡K wbw ©̀ó wÎfz‡Ri ewnte„Ë (Ex-circle) e‡j| Zv‡`i †K› ª̀ I e¨vmva© h_vµ‡g 
ewnt‡K› ª̀ (Ex-centre) I ewnte¨vmva© (Ex-radius)| e„Ëmg~‡ni e¨vmva©‡K r1, r2 I r3 Øviv m~wPZ Kiv nq| 
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 1 cvV 
 

wÎfz‡Ri mvBb m~Î   

 

 

D‡Ïk¨  
 GB cvV †k‡l Avcwb- 
  wÎfz‡Ri mvBb m~Î m¤ú‡K© Rvb‡Z cvi‡eb, 

  mgm¨v mgvav‡b m~ÎwU cÖ‡qv‡M `¶Zv AR©b Ki‡eb| 
 

 
†h †Kvb wÎfzR ABC n‡j cÖgvY Ki‡Z n‡e,  

a

sinA
  = 

b

sinB
  = 

c

sinC
   

A_©vr †h †Kvb wÎfz‡Ri evû¸‡jvi ˆ`N©¨ Zvi wecixZ †Kv‡Yi mvBb (sine) Gi Abycv‡Zi 
mgvbycvwZK| 

 

A

B C

c b

a D  

A

B C

c b

a D  

A

B C

c
b

a

D

 
 1g wPÎ 2q wPÎ 3q wPÎ 

wPÎ 19.1 
g‡b Ki“b, ABC GKwU wÎfzR| 
A we› ỳ †_‡K BC Gi Dci AD j¤^ A¼b Ki“b| 2q wP‡Î, AD j¤^wU BC Gi ewa©Zvs‡ki Dci Ges 3q wP‡Î, AD 
j¤^wU AC evûi mv‡_ wg‡j hv‡e| 
1g wP‡Î C †KvYwU m~²‡KvY, 2q wP‡Î ’̄~j †KvY Ges 3q wP‡Î mg‡KvY| 
GLb, ∆ABC-G, AD = AB sin �ABD = c sinB.  
Avevi, ∆ACD G 
 AD = AC sin �ACD = b sin C [ 1g wPÎvbyhvqx ] 
 ev, = AC sin (π–C)  [ 2q wPÎvbyhvqx ] 
 = b sinC.  

∴  b sin C = c sin B,   A_©vr,  b

sinB  = 
c

sinC   

3q wP‡Î, C †KvYwU mg‡KvY e‡j Avgiv cvB,  b
c
  = sinB,  A_©vr, b

sinB  = 
c

1  = 
c

sin90°  = 
c

sinC  

myZivs †h †Kvb ai‡bi wÎfzR †bIqv †nvK bv †Kb Avgiv cÖ‡Z¨K †¶‡ÎB cvB, b

sinB  = 
c

sinC  ;  

Abyiƒcfv‡e, B we›`y n‡Z CA evûi Dci j¤^ A¼b K‡i cvIqv hvq, a

sinA  = 
c

sinC  .  

AZGe, wÎfzRwU m~¶è‡KvYx, ev, ’̄~j‡KvYx, ev, mg‡KvYx hv †nvK bv †Kb cÖ‡Z¨K †¶‡Î cvIqv hvq, 

 a

sinA  = 
b

sinB  = 
c

sinC   

weKí cÖgvY t a

sinA  = 
b

sinB  = 
c

sinC  = 2R, hLb wÎfz‡Ri cwiwjwLZ e„‡Ëi e¨vmv‡a©i cwigvY R nq| 

 

A

B C

c b

a

D

O

2R

 

A

B

C

c

b

a

D
O

2R

 

A

B C

c b

a

DO

2R

 
 1g wP‡Î 2q wP‡Î 3q wP‡Î 

wPÎ 19.2 
g‡b Ki“b, ABC wÎfz‡Ri cwiwjwLZ e„‡Ëi †K› ª̀ O Ges e¨vmva© R,  
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1g Ges 2q wP‡Î B,O †hvM K‡i Ggbfv‡e ewa©Z Ki“b †hb Zv e„‡Ëi cwiwa‡K D we› ỳ‡Z †Q` K‡i| D,C †hvM 
Ki“b|  3q wP‡Î, ABC GKwU mg‡KvYx wÎfzR, myZivs G†¶‡Î BD †iLv BC †iLvi mv‡_ wg‡j hv‡e| 
GLb 1g Ges 2q wPÎ n‡Z cvIqv hvq, 
 BD = 2R Ges �BCD = 90°  
myZivs,  ∆BCD n‡Z  

 sin �BDC = 
BC

BD
  = 

a

2R  ... ... ... ... ... ... (i)  

†h‡nZz 1g wPÎvbyhvqx �BDC =�A  Ges 2q wPÎvbyhvqx �BDC=π–A;  AZGe Dfq †¶‡Î sin �BDC = sinA.  
 

myZivs, (i) bs n‡Z cvIqv hvq, sinA = a2R  ,   

 ev, a

sinA  = 2R.  

GLb 3q wPÎvbyhvqx BD =a,   

 A_©vr, 2R = a  � a1  = 2R,  

 � a

sin90°  = 2R, �  
a

sinA  = 2R.  

myZivs cÖ‡Z¨K †¶‡ÎB Avgiv cvB, a

sinA  = 2R 

  
Abyiƒcfv‡e †`Lv‡bv hvq †h, 

 
b

sinB  = 2R,  Ges c

sinC  = 2R.  

AZGe, Avgiv cvB, a

sinA  = 
b

sinB  = 
c

sinC  = 2R.  

 

D`vniY-1 t ABC wÎfzR n‡Z cÖgvY Ki“b  sin A–B2   = 
a–b

c
   cos 

C

2   

mgvavbt a–b
c
  = 

2RsinA – 2RsinB
2RsinC   

 = 
2R(sinA – sinB)

2RsinC   

 = 
sinA – sinB

sinC   

 = 

2cos



A+B

2  sin 



A–B

2

2sin
C

2 cos 
C

2

  

 = 

cos 



π

2 – 
C

2  sin 



A–B

2

sin 
C

2  cos 
C

2

  [ ∆ABC-G A+B+C=π ] 

 = 

sin 
C

2  sin
A–B
2

sin
C

2  cos
C

2

  

 = 

sin
A–B
2

cos 
C

2

  

 ∴  sin 
A–B
2   = 

a–b
c
   cos 

C

2  

D`vniY-2 t †h †Kvb wÎfz‡R cÖgvY Ki“b  
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    a
2sin(B–C)
sinA   + b

2sin(C–A)
sinB   + 

c2sin(A–B)
sinC   = 0  

mgvavbt  a2sin(B–C)
sinA   

 = 
4R2sin2A sin(B–C)

sinA   

 = 4R2 sinA sin(B–C) 

 = 4R2 sin {π–(B+C)} sin(B–C)  [ ... ∆ABC-G A+B+C=π ] 

 = 4R2 sin(B+C) sin (B–C) 

 = 4R2 (sin2B–sin2C) 
  

Abyiƒcfv‡e = b
2 sin(C–A)
sinB   = 4R2 (sin2C–sin2A)   

 Ges  C
2 sin(A–B)
sinC   = 4R2 (sin2A–sin2B)  

 GLb  a
2 sin(B–C)
sinA   + 

b2 sin(C–A)
sinB   + 

c2 sin(A–B)
sinC    

 = 4R2(sin2B–sin2C) + 4R2(sin2C–sin2A) + 4R2(sin2A–sin2B) 

 = 4R2(sin2B–sin2C+sin2C–sin2A+sin2A–sin2B) 

 = 4R2∞0  
 = 0 

 

D`vniY-3 t †h †Kvb wÎfz‡R cÖgvY Ki“b cos(B–C) + cosA = bc
2R2

   

mgvavb t cos(B–C) + cosA  

 = 2 cos 



A+B–C

2    cos 



A–B+C

2   

 = 2 cos 



A+B+C–2C

2   cos 



A+B+C–2B

2   

 = 2 cos 



π

2 –C   cos 



π

2 –B    [ ∆ABC-G A+B+C=π ]   

 = 2 sin B sinC 

 = 2. 
b

2R  . 
c

2R  

 =  
bc

2R2
  

 
  

Abykxjbx-19.1 
†h †Kvb wÎfz‡R cÖgvY Ki“b 

1. a sin 



A

2 + B   = (b+c) sin 
A

2  

2. 
a+b
a–b   =  

sinA + sinB
sinA – sinB  

3. a (sinB–sinC) + b (sinC–sinA) + c(sinA – sinB) = 0 

4. a sin(B – C) + b sin(C – A) + c sin(A – B) = 0 
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2kJb
 

wÎfz‡Ri †KvmvBb m~Î 

 

 

D‡Ïk¨  
 GB cvV †k‡l Avcwb- 

  wÎfz‡Ri †KvmvBb m~Î m¤ú‡K© Rvb‡Z cvi‡eb, 
  mgm¨v mgvav‡b m~ÎwU cÖ‡qv‡M `¶Zv AR©b Ki‡eb| 

 

 

†h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e †h, 

a2 = b2+c2 –2bc cosA  ev, cosA = b
2+c2–a2

2bc    

 
b2 = c2+a2 –2ca cosB  ev,  cosB = c

2+a2–b2

2ca    

c2 = a2+b2–2ab cosC  ev,  cosC = a
2+b2–c2

2ab    

C-†K m~²‡KvY ai‡j wPÎ 19.1 Gi 1g wP‡Î Avgiv cvB, 

 AB2=BC2+CA2–2BC.CD  
GLb  ∆ACD †_‡K, CD = AC cosC = b cosC 

∴ c2=a2+b2–2abcosC  
Avevi C-†K ’̄~j‡KvY ai‡j wPÎ 19.1- Gi  2 bs wPÎ n‡Z Avgiv cvB, 

 AB2=BC2+CA2+2BC.CD  
GLb  ∆ACD †_‡K, CD = AC cos ACD = b cos(π–C) = – bcosC  

∴ c2=a2+b2–2ab cosC  
Avevi C mg‡KvY ai‡j wPÎ 19.1-Gi  3q wPÎ n‡Z, AB2=BC2+CA2 

A_©vr, c2=a2+b2  

 = a2+b2–2ab cosC  [ ∴ cosC = cos90° = 0 ]  
 

AZGe, C m~²‡KvY, ’̄~j‡KvY A_ev mg‡KvY hvB †nvK bv †Kb Avgiv cvB,  

   c2=a2+b2–2ab cosC  

A_ev,  cosC = a
2+b2–c2

2ab   .  

GKBfv‡e, Ab¨ ỳwU m¤úK©I cÖwZwôZ Kiv hvq| 

 

†h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e †h, 

 a = b cosC + c cosB 

 b = c cosA + a cosC 

 c = a cosB + b cosA  
 C †K m~²‡KvY ai‡j wPÎ 19.1 Gi 1g wP‡Î Avgiv cvB, 

 BC = BD+CD  

 = AB cos ABD + AC cos ACD 
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∴ a = c cosB + b cosC 

wPÎ 19.1 Gi 2q wP‡Î C ’̄~j‡KvY AZGe, 

 BC = BD –CD = AB cos ABD –AC cos ACD 

 = c cosB – b cos(π – C) = c cosB + b cosC 

 ev, a = b cosC + C cosB 

 Avevi wPÎ 19.1-Gi 3q wP‡Î C mg‡KvY, 

 BC = AB cos ABC = c cosB +b cosC  [ ... cosC = cos 90°=0 ]  
 ev,  a = b cosC + c cos B 

myZivs; cÖwZ †¶‡ÎB cvIqv hvq, 

 a=b cosC + c cosB  
GKBfv‡e, Ab¨ ỳwU m¤úK©I cÖwZwôZ Kiv hvq| 

 

D`vniY-1 t †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e  
  (b+c) cosA + (c+a) cosB + (a+b) cosC = a+b+c 

mgvavb t (b+c) cosA+ (c+a) cosB + (a+b) cosC 

  = b cosA + c cosA +c cosB +a cosB + a cosC + b cosC 

  = (b cosC + c cosB) + (c cosA + a cosC) + (a cosB + b cosA) 

  = a + b + c  
 
D`vniY-2 t †h †Kvb wÎfz‡R cÖgvY Ki“b a2+b2+c2=2(bc cosA + ca cosB + ab cosC)  
mgvavbt a = b cos C + c cosB 

  ∴  a2= ab cosC + ac cosB ... ... ... ... ... ... (i) 

  b = c cosA + a cosC 

 ∴ b2 = bc cosA + ab cosC ... ... ... ... ... (ii) 

  c = a cosB + b cosA 

 ∴ c2 = ca cosB + bc cosA ... ... ... ... ... (iii) 

 (i), (2) I (3) †hvM K‡i cvB 
 a2+b2+c2  = ab cosC +ac cosB + bc cosA + ab cosC + ca cosB + bc cosA 

   = 2(bc cosA+ca cosB + ab cosC)  
 

weKí cÖgvY 2(bc cosA + ca cosB + ab cosC) 

  = 2





bc. 
b2+c2–a2

2bc  + ca. 
c2+a2–b2

2ca  + ab 
a2+b2–c2

2ab   

  = 2. 
1
2 (b

2+c2–a2+c2+a2–b2+a2+b2–c2)  

  = a2+b2+c2  
  
D`vniY-3 t †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e, 

  a sin(B–C)

b2–c2
  = 

b sin(C–A)

c2–a2
  = 

c sin(A–B)

a2–b2
   

mgvavb t a sin(B–C)

b2–c2
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  = 
a (sinB cosC–cosB sinC)

b2–c2
  

  = 

a 



b

2R cosC – 
c

2R cosB

b2– c2
  

  = 

a

2R  (b cosC– c cosB)

b2–c2
  

  = 
a (a– c cosB –c cosB)

2R(b2–c2)
   [ ∴ a = b cosC + c cosB ] 

  = 
a (a–2c cosB)

2R(b2– c2)
  

  = 

a 





a–2c. 
c2+a2–b2

2ca

2R(b2–c2)
  

  = 
(a2–c2–a2+b2)

2R(b2–c2)
  

  = 
b2–c2

2R(b2–c2)
  = 

1
2R   

 

Abyiƒcfv‡e, b sin(C–A)
c2–a2

  = 
1
2R   Ges c sin(A–B)

a2–b2
  = 

1
2R  

 ∴ 
a sin(B–C)

b2–c2
  = 

b sin(C–A)

c2–a2
  = 

c sin(A–B)

a2–b2
    

Abywm×vš—t tanA = sinAcosA  

  = 

a

2R

b2+c2–a2

2bc

  

  = 
abc
R
  . 

1

b2+c2–a2
   

Abyiƒcfv‡e, tanB = abc
R
  . 

1

c2+a2–b2
   

 Ges tanC = abc
R
  . 

1

a2+b2–c2
   

 
 Abykxjbx-19.2 

†h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e †h,  

1. 
(b+c) cosA+(c+a) cosB+(a+b) cosC

sinA+sinB+sinC   = 
a

sinA  = 2R 

2. b2sin2C + c2sin2B = 2bc sinA. 

3. 
2cotA+cotB+cotC
cotA–cotB+2cotC  = 

b2+c2

2b2–c2
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3kJb
 

wÎfz‡Ri †h †Kvb †Kv‡Yi AbycvZ‡K Zvi evûi gva¨‡g cÖKvk 

 

 

D‡Ïk¨  
 GB cvV †k‡l Avcwb- 
  wÎfz‡Ri Aa©‡KvY mg~‡ni wÎ‡KvYwgwZK AbycvZ‡K Zvi evûi gva¨‡g cÖKvk 

Ki‡Z cvi‡eb; 
  wÎfz‡Ri †Kv‡Yi mvB‡bi AbycvZ‡K evûi gva¨‡g cÖKvk Ki‡Z cvi‡eb| 

 

 
wÎfz‡Ri Aa©‡Kv‡Yi wÎ‡KvYwgwZK AbycvZ‡K evûi gva¨‡g cÖKvk 

 

(i)  Avgiv Rvwb, 
 

2sin2 
A

2   = 1– cosA = 1– 
b2+c2–a2

2bc   = 
2bc–b2–c2+a2

2bc   

 = 
a2– (b2–2bc+c2)

2bc   = 
a2–(b–c)2

2bc   

    = (a+b–c)(a–b+c)2bc   

hw` wÎfz‡Ri cwimxgvi A‡a©K‡K s Øviv m~wPZ Kiv nq, Z‡e 2s = a+b+c  
GLb, a–b+c = a+b+c–2b = 2s–2b = 2(s–b)  
Ges  a+b–c = a+b+c–2c = 2s–2c=2(s–c)  

AZGe, 2sin2A2 
 = 
2(s–b).2(s–c)

2bc      

   ev, sin2 A2  = 
(s–b)(s–c)

bc
   

   ∴  sin 
A

2  = 
(s–b)(s–c)

bc
  

†h‡nZz wÎfz‡Ri †h †Kvb †KvY 180° A‡c¶v ¶z ª̀Zi, AZGe A2  <90° Ges sin A2  Gi gvb abvZ¥g| 

(ii)  Avgiv Rvwb,  2cos2 A2   = 1 +cos A  

  = 1 + 
b2+c2–a2

2bc   = 
2bc+b2+c2–a2

2bc   

  = 
(b+c)2–a2

2bc   = 
(b+c+a)(b+c–a)

2bc   = 
2s(2s–2a)

2bc   

 ∴ cos2
A

2 
 = 
s(s–a)
bc

   

 ∴  cos A2  = 
s(s–a)
bc

    

†h‡nZz A2   m~²‡KvY AZGe  cos A2  abvZ¥K| myZivs, eM©g~‡ji abvZ¥K gvb †bqv n‡q‡Q| 

(iii)   tan
A

2  =  

sin
A

2

cos
A

2

   = 

(s–b)(s–c)
bc

s(s–a)
bc

  = 
(s–b)(s–c)
s(s–a)   

Abyiƒcfv‡e, B2   Ges C2   †KvY ỳwUi wÎ‡KvYwgwZK AbycvZ‡KI evûi gva¨‡g cÖKvk Kiv hvq| 

AZGe, Avgiv cvB, sin A2  = 
(s–b)(s–c)

bc
  

sin 
B

2  = 
(s–c)(s–a)

ca
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sin 
C

2  = 
(s–a)(s–b)

ab
  

cos 
A

2  = 
s(s–a)
bc

  

cos 
B

2  = 
s(s–b)
ca

  

cos 
C

2  = 
s(s–c)
ab

  

tan 
A

2  = 
(s–b)(s–c)
s(s–a)   

tan 
B

2  = 
(s–c)(s–a)
s(s–b)   

tan 
C

2  = 
(s–a)(s–b)
s(s–c)    

  
wÎfz‡Ri †h †Kvb †Kv‡Yi mvBb (sine)-Gi AbycvZ‡K Zvi evûi gva¨‡g cÖKvk 

Avgiv Rvwb,  sinA = 2sin A2  cos 
A

2  

   = 2. 
(s–b)(s–c)

bc
   

s(s–a)
bc

  

   = 
2
bc
 s(s–a)(s–b)(s–c)   

Abyiƒcfv‡e,  sinB = 
2
ca
 s(s–a)(s–b)(s–c)  

   sinC = 
2
ab
 s(s–a)(s–b)(s–c)   

 

D`vinY t   †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e †h,  

     b–c
a
  cos2

A

2 
 + 

c–a
b
  cos2

B

2 
 + 

a–b
c
  cos2 

C

2  = 0  

mgvavbt b–c
a
  cos2A

2
  + 

c–a
b
  cos2 

B

2  + 
a–b
c
  cos2 

C

2   

 = 
b–c
a
 
s(s–a)
bc

  + 
c–a
b
 
s(s–b)
ca

  + 
a–b
c
  
s(s–c)
ab

  

 = 
s

abc
  {(b–c)(s–a)+(c–a)(s–b)+(a–b)(s–c)} 

 = 
s

abc
 (bs–ab–cs+ac+cs–bc–ab+ab+ab–ac–bs+bc)  

 = 
s

abc
  ∞ 0 = 0 

   

 Abykxjbx-19.3 
†h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e †h,  

1. 
1
a
  cos2 

A

2  + 
1
b
    cos2 

B

2  + 
1
c
    cos2

C

2 
 = 

(a+b+c)2

4abc   = 
s2

abc
  

2. 
b–c
a
  cos2 

A

2  + 
c–a
b
  cos2 

B

2  + 
a–b
c
  cos2 

C

2  = 0 

3. bc cos2 
A

2  + ca cos
2 
B

2  + ab cos
2 
C

2  = 0  
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4kJb
 

wÎfz‡Ri †¶Îdj 

 

 

D‡Ïk¨  
 GB cvV †k‡l Avcwb- 

  wÎfz‡Ri †¶Îdj m¤úwK©Z mgm¨vi mgvav‡b `¶Zv AR©b Ki‡eb|  
 

 
wÎfz‡Ri †¶Îdj 

ABC wÎfz‡Ri †¶Îdj‡K ∆ Øviv m~wPZ Kiv nj| BC f‚wgi Dci AD j¤^ A¼b Ki“b| Zvn‡j ∆ACD n‡Z, 
 AD = AC sin �ACD = b sinC  

A_©vr, ∆ = 12  BC. AD = 
1
2  a.b sin C  

Avgiv Rvwb ∆ = 12  * f‚wg * D”PZv, 

Abyiƒcfv‡e B Ges C we› ỳ n‡Z wecixZ evûi Dci j¤^ A¼b K‡i †`Lvb hvq 
†h, 

 ∆ = 
1
2  bc sin A = 

1
2  ca sin B.  

AZGe, ∆= 12  bc sin A = 
1
2  ca sin B = 

1
2  ab sin C  

A_©vr, ∆ = 12  (hMA mJÉr ‰hPWtqr èelu) *(evû ỳwUi Aš—f©y³ †Kv‡Yi 

mvBb AbycvZ)| 

A

B CDa

bc

 

GLb, ∆ = 12  bc sinA = 
1
2  bc. 2sin 

A

2  cos 
A

2   

 = bc sin 
A

2   cos 
A

2  

 = bc 
s(s–a)
bc

  . 
(s–b)(s–c)

bc
  

 = s(s–a)(s–b)(s–c)  

Avevi Avgiv Rvwb, wÎfz‡Ri cwiwmgvi A‡a©K  s = 12 (a+b+c)   

AZGe,  ∆ = 14 (a+b+c)(b+c–a)(c+a–b)(a+b–c)  

  = 
1
4  {2b

2c2+2c2a2+2a2b2–a4–b4–c4}1/2  

Avevi, ∆ = 12  bc sin A = 
1
2  bc. 

a

2R  = 
abc

4R    

D`vniY-1 t †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e 1
a
  sinA + 

1

b
  sin B+ 

1

c
  sinC = 

6∆

abc
   

mgvavb t  1
a
  sinA + 

1
b
  sinB + 

1
c
  sinC 

 = 
1
a
  . 
2∆
bc
  + 

1
b
  . 
2∆
ca
  + 

1
c
  . 
2∆
ab

  

 = 
2∆
abc

  + 
2∆
abc

  + 
2∆
abc

  

 = 
6∆
abc

  

D`vniY-2 t hw` GKwU wÎfz‡Ri evûmg~n h_vµ‡g 
y

z
  + 

z

x
  , 

z

x
  + 

x

y
  Ges 

x

y
  + 

y

z
  nq Z‡e Zvi †¶Îdj wbY©q 

Ki“b| 
mgvavbt  ai“b wÎfz‡Ri cwimxgvi A‡a©K =s. 
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 GLb 2s  = yz  + 
z
x  + 

z
x  + 

x
y  + 

x
y  + 

y
z  

   = 2 



y

2 + 
z
x + 

x
y   

  ∴  s = 
y
z  + 

z
x  + 

x
y   

hw` wÎfz‡Ri evû¸wj‡K a, b, c Øviv m~wPZ Kiv nq Z‡e 

 s – a = 



y

z + 
z
x + 

x
y   – 



y

z + 
z
x   = 

x
y  

 s–b = 



y

z + 
z
x + 

x
y   – 



z

x + 
x
y   = 

y
z   

     Ges s – c = 



y

z + 
z
x + 

x
y   – 



x

y + 
y
z   = 

z
x  

  
GLb wÎfz‡Ri †¶Îdj    ∆ = s(s–a)(s–b)(s–c)  

    = 



y

z + 
z
x + 

x
y  . 

x
y . 

y
z . 

z
x  

    = 



y

z + 
z
x + 

x
y   . 1 

    = 
y
z + 

z
x + 

x
y   

   
D`vniY-3 t  †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e †h,  

 



a2

sinA + 
b2

sinB + 
c2

sinC   sin 
A

2  sin 
B

2  sin 
C

2  = ∆  

mgvavbt 



a2

sinA + 
b2

sinB + 
c2

sinC   sin 
A

2  sin 
B

2  sin 
C

2  

 = 



4R2sin2A

sinA  + 
4R2sin2B
sinB  + 

4R2sin2C
sinC   sin 

A

2  sin 
B

2  sin 
C

2  

 = 4R2(sinA+sinB+sinC) sin 
A

2  sin
B

2  sin
C

2   

 = 4R2.4cos 
A

2   cos 
B

2   cos 
C

2  . sin 
A

2    sin 
B

2   sin 
C

2  

 = 2R2.2sin 
A

2   cos
A

2  . 2sin
B

2   cos
B

2  . 2sin 
C

2   cos 
C

2  

 = 2R2 sinA sinB sinC 

 = 
1
2  . 2RsinA.2RsinB.sinC 

 = 
1
2  ab sinC 

 = ∆  
   

  

Abykxjbx-19.4 
†h †Kvb wÎfz‡Ri cÖgvY Ki‡Z n‡e 

1. a2 cotA + b2 cotB + c2 cotC = 4∆ 

2. 
a2–b2 

2   
sinA sinB
sin(A–B)   = ∆ 

3. a sinB sinC + b sinC sinA + c sinA sinB = 
3∆
R
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5kJb
 

wÎfz‡Ri Ab¨vb¨ m~Î 

 

 

D‡Ïk¨  
 GB cvV †k‡l Avcwb- 

  wÎfz‡Ri K‡qKwU m~Î cÖgvY I cÖ‡qv‡M `¶Zv AR©b Ki‡eb| 
 

 
†h †Kvb wÎfz‡R cÖgvY Ki“b 

tan 
B–C
2   = 

b–c
b+c   cot 

A

2  

tan 
C–A
2   = 

c–a
c+a   cot 

B

2  

tan 
A–B
2   = 

a–b
a+b   cot 

C

2   

 
cÖgvY t  Avgiv Rvwb, †h †Kvb wÎfz‡R 
b

sinB  = 
c

sinC  ,  ev, b
c
  = 

sinB
sinC  

∴  
b–c
b+c  = 

sinB–sinC
sinB+sinC  = 

2cos 
B+C
2  sin 

B–C
2

2sin 
B+C
2  cos 

B–C
2

  

 = cot 
B+C
2    tan 

B–C
2   

 = cot 



π

2 – 
A

2   tan  
B–C
2    





=++∴
2222

πCBA
 

 = tan 
A

2    tan 
B–C
2    

 

myZivs tanA2   tan 
B–C
2   = 

b–c
b+c  

∴    tan 
B–C
2   = 

b–c
b+c  . 

1

tan 
1
2A

  = 
b–c
b+c  cot 

A

2 .  

Abyiƒcfv‡e, Ab¨ m¤úK©¸wjI cÖwZôv Kiv hvq| 

K‡qKwU cÖ‡qvRbxq m~Î 

(i) Avgiv Rvwb,  sin A = a2R   Ges cosA = b
2+c2–a2

2bc    

∴ tanA = 
sinA
cosA  = 

a/2R

(b2+c2–a2)/2bc
  = 

abc

R
  . 

1

b2+c2–a2
   

Abyiƒcfv‡e, tan B = abc
R
  . 

1

c2+a2–b2
  ; Ges  

     tanC = 
abc

R   . 
1

a2+ b2–c2
  

 (ii) Avgiv Rvwb,  

 tan 
A

2  = 
(s–b)(s–c)
s(s–a)    

Wvbc‡¶i je I ni‡K (s–b)(s–c)   Øviv ¸Y K‡i Avgiv cvB, 

 tan 
A

2  = 
(s–b)(s–c)

s(s–a)(s–b)(s–c)
  = 

(s–b)(s–c)

∆
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 [ ∆ Øviv wÎfz‡Ri †¶Îdj m~wPZ nj ] 

Abyiƒcfv‡e, tan B2  = 
(s–c)(s–a)

∆
   Ges tan C2  = 

(s–a)(s–b)

∆
   

(iii) Avevi, tan A2  =  
(s–b)(s–c)
s(s–a)    

A_©vr, cot A2  = 
s(s–a)

(s–b)(s–c)  = 
s(s–a)

∆
      [ Wvb c‡¶i je I ni‡K s(s–a)  Øviv ¸Y K‡i ] 

Abyiƒcfv‡e, cot B2  = 
s(s–b)

∆
   Ges cot C2  = 

s(s–c)

∆
   

 

D`vniY-1 t †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e, (b–c) cot A2  + (c–a) cot 
B

2  + (a–b) cot 
C

2  = 0  

mgvavb t    (b–c) cot A2  + (c–a) cot 
B

2  + (a–b) cot 
C

2  

 = (b–c) 
s(s–a)

∆
  + (c–a) 

s(s–b)

∆
  + (a–b) 

s(s–c)

∆
  

 = 
s

∆
  {(b–c)(s–a)+(c–a)(s–b)+(a–b)(s–c)} 

 = 
s

∆
 (bs–ab–cs+ca+cs–bc–as+ab+ab–ca–bs+bc)  

 = 
s

∆
  ∞ 0 = 0  

 

D`vniY-2 t †h †Kvb wÎfz‡R cÖgvY Ki †h, (a+b+c)2

cot 
A

2 + cot 
B

2 + cot 
C

2

  = 4∆  

mgvavb t (a+b+c)2

cot
A

2 + cot+
B

2 + cot
C

2

  

 = 
(a+b+c)2

s(s–a)

∆
 + 

s(s–b)

∆
 + 

s(s–c)

∆

  

 = 
∆(a+b+c)2

s(s–a)+s(s–b)+s(s–c)  

 = 
∆(2s)2

s2–as+s2–bs+s2–cs
  

 = 
∆.4s2

3s2–s(a+b+c)
  

 = 
4∆.s2

3s2–s.2s
  

 = 
4∆.s2

3s2–2s2
  

 = 
4∆.s2

s2
  

 = 4∆ 
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6kJb
 

wewea mgm¨v I mgvavb 

 

 

D‡Ïk¨  
 GB cvV †k‡l Avcwb- 

  wÎfz‡Ri ¸Yvejx m¤úwK©Z wewfbœ mgm¨v mgvav‡b `¶Zv AR©b Ki‡eb| 
 

 
D`vniY-1 t †h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e b+c

b–c  = cot 
A

2  cot 
B–C
2    

mgvavb t b+c
b–c  

 = 
2R sinB+2R sinC
2R sinB–2R sinC  

 = 
2R(sinB+sinC)
2R(sinB–sinC)  

 = 
sinB+sinC
sinB–sinC  

 = 

2sin 



B+C

2  cos 



B–C

2

2cos 



B+C

2  sin 



B–C

2

  

 = tan 



B+C

2   cot 



B–C

2   

 = tan 



π

2 – 
A

2   cot 



B–C

2   [  ...  ∆ABC -G A+B+C = π ] 

 = cot 
A

2  cot 
B–C
2   

D`vniY-2 t †h †Kvb wÎfz‡R cÖgvY Ki“b sin(B–C)sinA   = b cosC–c cosB
b cosC+c cosB  

mgvavb t sin(B–C)sinA   

 = 
sinB cosC–cosB sinC

sinA   

 = 

b

2R cosC– 
c

2R cosB

a

2R

  

 = 
b cosC–ccosB

a
  

 = 
b cosC – cosB
b cosC + cosB   

 
D`vniY-3 t †h †Kvb wÎfz‡R cÖgvY Ki“b  
  a3 cos(B– C) + b3 cos(C – A) + c3 cos (A – B) = 3abc  
mgvavb t a3 cos(B–C) = 8R3sin3A cos(B–C)  

 = 8R3sin2A sinA cos (B–C) 

 = 8R3 sin2A sin{π–(B+C} cos(B–C)   [  ...  ∆ABC G A+B+C=π ]  

 = 4R3sin2A.2sin(B+C) cos(B–C) 
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 = 4R3sin2A . (sin2B+sin2C) 

 = 4R3sin2A (2sinB cosB + 2sinC cosC) 

 = 8R3sin2A(sinB cosB + sinC cosC)  
 

Abyiƒcfv‡e, b3 cos(C–A) = 8R3sin2B (sinC cosC + sinA cosA) 

      c3 cos(A–B) = 8R3sin2C (sinA cosA + sinB cosB)  
GLb  a3 cos(B–C) +b3 cos(C–A)+C3 cos(A–B) 

 = 8R3[sinA(sinB cosB + sinC cosC) + sin2B(sinC cosC + sinA cosA)    

    +sin2C(sinAcosA+sinBcosB)]  
 = 8R3 [sinA sinB (sinA cosB+cosA sinB)+sinB sinC (sinB cosC+cosB sinC) 

    + sinC sinA (sinC cosA + cosC sinA) 

 = 8R3 [ sinA sinB sin(A+B)+sinB sinC sin(B+C) +sinC sinA sin(C+A)] 

 = 8R3 [ sinA sinB sin(π– C) + sinB sinC sin(π–A) + sinC sinA sin(π–B) ] 

 = 8R3 [ sinA sinB sinC + sinB sinC sinA + sinC sinA sinB ] 

 = 8R3∞3 sinA sinB sinC 

 = 3(2R sinA) (2R sinB) (2R sinC) 

 = 3abc. 

D`vniY-4 t †h †Kvb wÎfz‡R cÖgvY Ki“b c2= (a–b)2cos2 C2  + (a+b)
2 sin2

C

2 
  

mgvavb t (a–b)2 cos2C
2
  + (a+b)2 sin2 

C

2  

 = 
1
2 (a–b) 

2 (1+cosC) + 
1
2 (a+b) 

2 (1–cosC) 

 = 
1
2 (a–b) 

2 





1+ 
a2+b2–c2

2ab   + 
1
2 (a+b) 

2 





1– 
a2+b2–c2

2ab    

 = 
1
2 (a–b) 

2 



2ab+a2+b2–c2

2ab   + 
1
2 (a+b) 

2 



2ab–a2–b2+c2

2ab   

 = 
1
2 (a–b) 

2 






(a+b)2–c2

2ab   + 
1
2 (a+b) 

2 






c2–(a–b)2

2ab   

 = 
1
4ab [ ](a–b)2{(a+b)2 – c2}+(a+b)2 {c2–(a–b)2}   

 = 
1
4ab  [ (a

2–b2)2 –c2(a–b)2+c2(a+b)2 – (a2–b2)2 ] 

 = 
1
4ab  [ c

2{(a+b)2–(a–b)2} ] 

 = 
1
4ab  . [ c

2.4ab ] 

 = c2  
D`vniY-5 t GKwU wÎfz‡Ri evû¸wji cwigvY h_vµ‡g 3, 5 I 7 n‡j, cÖgvY Ki“b wÎfzRwU ’̄~j‡KvYx| ’̄~j‡KvYwU 

wbY©q Ki“b| 
mgvavb t wÎfzRwU evû¸wji cwigvY = 3, 5, 7  
 ∴ e„nËg evûwU = 7  
 ai“b wÎfzRwUi e„nËg †KvYwU A.  

 ∴  cosA = 
32+52–72

2.3.5   
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  = 
9+25–49

30   

  = 
34–39
30   = 

–15
30   = – 

1
2  

 ∴  cosA = – 
1
2  = cos120° 

 ∴  A = 120°  
 
†h‡nZz wÎfzRwU GKwU †KvY ’̄~j‡KvY| AZGe wÎfzRwU ’̄~j‡KvYx Ges ’̄~j †KvYwU 120°| 
 
D`vniY-6 t hw` (a+b+c)(b+c–a) = 3bc nq Z‡e A Gi gvb wbY©q Ki“b| 

mgvavbt      (a+b+c)(b+c–a) = 3bc  

 ev, (b+c)2–a2 = 3bc  

 ev, b2+c2+2bc–a2 = 3bc  

 ev, b2+c2–a2 = 3bc–2bc  

 ev, b2+c2–a2 = bc  

 ev, b
2+c2–a2

2   = 
bc

2    

 ev, b
2+c2–a2

2bc   = 
1
2   

 ev, cosA = 12  = cos60°  

 ∴  A = 60°  

D`vniY-7 t hw` cosA+2cosCcosA+2cosB  = 
sinB
sinC  nq Z‡e †`Lvb †h, wÎfzRwU mgwØevû ev mg‡KvYx| 

mgvavbt cosA–2 cosC
cosA+2 cosB  = 

sinB
sinC   

 ev,  cosA sinC + 2cosC sinC = cosA sinB + 2cosB sinB  
 ev,  cosA sinC + sin2C = cosA sinB + sin2B  
 ev,  cosA sinB – cosA sinC + sin2B–sin2C = 0  
 ev,  cosA(sinB–sinC) + 2cos (B+C) sin (B–C) = 0  

 ev,  cosA .2sin 



B–C

2   cos 



B+C

2   + 2cos (π–A) .2sin 
B–C
2   cos 

B–C
2   = 0  

 ev,  cosA sin 



B–C

2   cos 



B+C

2   +cos (–A). 2sin



B–C

2   cos 



B–C

2   = 0  

 ev,  cosA sin 



B–C

2   cos 



B+C

2   –2 cosA sin 



B–C

2   cos 



B–C

2   =0  

 ev,  cosA sin 



B–C

2  



 cos



B+C

2  – 2cos 



B–C

2    = 0  

 ev,  cosA = 0 = cos π2  

      ∴ A = 
π

2   

 Avevi, sin B–C2   = 0 = sin0 

 ∴  
B–C
2   = 0 

 ∴  B = C  
 myZivs wÎfzRwU mgwØevû wKsev mg‡KvYx| 
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D`vniY-8 t hw` †Kvb wÎfz‡Ri evû¸wj mgvš—i cÖMgY †kªYxfz³ nq, Z‡e †`Lvb †h, cosA cotA2  , cosB  

cot
B

2 , cosC cot 
C

2  mgvš—i cÖMgb †kªYxfz³| 

mgvavbt ai“b wÎfz‡Ri evû¸wj h_vµ‡g a, b, c, 
 GLb a,b,c mgvš—i cÖMgb †kªYxfz³ n‡e hw` b–a = c–b nq  
 ev, a+c = 2b  
 ∴  2RsinA + 2R sinC = 2.2R sinB  
 ev, 2R (sinA + sinC) = 2R.2 sinB  
 ev, sinA + sinC = 2sinB  

 ev, 2sin A2   cos 
A

2  + 2sin 
C

2   cos 
C

2  = 2.2sin 
B

2   cos 
B

2   

 ev,  2sin2 A2   
cos 

A

2

sin 
A

2

  + sin2 
C

2   

cos
C

2

sin
C

2

  = 4sin2 
B

2    

cos
B

2

sin
B

2

    

 ev, (1–cosA) cot A2  + (1– cosC) cot
C

2  = 2(1– cosB) cot 
B

2    

 ev, cotA2  – cosA  cot
A

2  + cot
C

2  – cosC cot 
C

2  = 2cot 
B

2  –2cosB cot 
B

2  

 ev,  cot A2  + cot 
C

2  – 2cot
B

2  = cosA cot
A

2  + cosC cot
C

2  –2cosB cot 
B

2  

 ev, s(s–a)
∆

  + 
s(s–c)

∆
  – 

2s(s–b)

∆
  = cosA cot

A

2  +cosC cot
C

2  –2cosB cot 
B

2  

 ev,  s
∆
 (s – a + s – c– 2s + 2b)  = cosA cot

A

2  + cosC cot
C

2  –2cosB cot
B

2  

 ev,  s
∆
  {2b – (a + c)} = cosA cot

A

2  + cosC cot
C

2  –2cosB cot
B

2   

 ev,  s
∆
 (2b – 2b)  = cosA cot 

A

2  + cosC cot 
C

2  –2cosB cot 
B

2   

 ev,  cosA cotA2  + cosC cot 
C

2   – 2cosB cot 
B

2  = 0  

 ev, cosA cot A2  + cosC cot 
C

2  = 2cosB cot 
B

2   

 ∴  cosA cot 
A

2 , cotB cot 
B

2 , cosC cot 
C

2   mgvš—i cÖMgb †kªYxf‚³| 

 
D`vniY-9 t †h †Kvb wÎfz‡R cÖgvY Ki“b a cosA+b cosB+c cosC = 4R.sinA sinB sinC  

mgvavbt a cosA + b cosB + c cosC  

 = 2R sinA cosA + 2R sinB cosB + 2R sinC cosC 

 = Rsin2A + Rsin2B + Rsin2C 

 = R [ sin2A + sin2B + sin2C ] 

 = R [ 2sin(A+B) cos(A–B) + 2sinC cosC] 

 = R[ 2sin(π – C)cos(A–B) + 2sinC cosC] 

 = R[ 2sinC cos(A–B) + 2sinC cosC] 

 = 2RsinC [cos(A–B) + cosC] 

 = 2RsinC [ cos(A–B) + cos{π– (A+B)} ] 

 = 2RsinC [ cos(A–B) – cos(A+B) ] 

 = 2RsinC.2sinA sinB 

 = 4RsinAsinB sinC 
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Abykxjbx-19.5 
†h †Kvb wÎfz‡R cÖgvY Ki‡Z n‡e t 

1.  a–b
a+b  = tan 

A–B
2   tan 

C

2  

2. (i)  a(cosC–cosB) = 2(b–c) cos2
A

2
  

 (ii) a(cosB+cosC) = 2(b+c) sin2
A

2
  

3. a sin(B–C) + b sin(C–A) + c sin(A–B) =0 

4. (b+c–a) tan
A

2  = (c+a–b) tan 
B

2  = (a+b–c) tan 
C

2  

5. i) a2(sn2B–sin2C) +b2(sin2C–sin2A)+c2(sinA–sin2B) = 0 

 ii) a2(cos2B–cos2C) + b2(cos2C–cos2A) + c2(cos2A–cos2B) = 0 

6. 
a2sin(B–C)
sinB+sinC   + 

b2sin(C–A)
sinC+sinA   + 

c2sin(A–B)
sinA+sinB   = 0  

7.  hw` a = 3, b = 3 3  Ges A = 30° nq Z‡e B I C Gi gvb wbY©q Ki“b| 

8.  hw` c4–2(a2+b2)c2 +a4+a2b2+b4=0  nq Z‡e cÖgvY Ki“b C=60° ev 120°  

9.   ABC wÎfz‡R tanA2 , tan
B

2 , tan
C

2  mgvš—i cÖMgb †kªYxfz³ n‡j †`Lvb †h, cosA, cosB, cosC mgvš—i cÖMgb 

†kªYxfz³| 

10. ABC wÎfz‡R cÖgvY Ki“b,  cosB cosC
bc

  + 
cosC cosA

ca
  + 

cosA cosB
ab

  = 
1

4R2
   

 
  
 


