
 

 
RwUj msL¨v 22 

BDwbU  

 
 

 1 cvV 
 
AviMÛ wP‡Îi mvnv‡h¨ gWz¨jvm I AvM©y‡g›U wbY©q 

 

 

D‡Ïk¨  

 GB cvV †k‡l Avcwb- 

  RwUj msL¨vi e¨envwiK cÖ‡qvM m¤ú‡K© aviYv jvf Kiv hv‡e| 

  AviMÛ wP‡Îi mvnv‡h¨ RwUj msL¨vi †hvM, we‡qvM, ¸Y, fvM gWz¨jvm I 

AvM©y‡g›U wbY©‡qi e¨envwiK Ávb AR©b Kiv hv‡e| 
 

  fzwgKv 
ZË¡xq exRMwY‡Zi RwUj msL¨v Aa¨v‡q x+iy AvKv‡ii RwUj msL¨v m¤úwK©Z we —̄vwiZ Av‡jvPbv
n‡q‡Q| e¨envwiK Av‡jvPbvi myweav‡_© RwUj msL¨vi R¨vwgwZK cÖwZiƒc AviMÛ wPÎ m¤^‡Ü Av‡jvPbv
hrmvgvb¨ cybive„wË Kiv n‡”Q| 

GKwU Dfqw`‡K mxgvnxb mij‡iLvi we› ỳ`j‡K †hgb ev —̄e msL¨v`‡ji R¨vwgwZK cÖwZiƒc wnmv‡e MÖnY Kiv hvq 
Abyiƒcfv‡e GKwU mxgvnxb mgZ‡ji we› ỳ`j‡K RwUj msL¨v`‡ji R¨vwgwZK cÖwZiƒc wnmv‡eI MÖnY Kiv hvq| 

-4 1 2 3 4 

2-4i=(2,-4) 
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cÖ`Ë mgZ‡j cQ›`gZ AvqZ Kv‡Z©mxq A¶hyMj XOX´, YOY´ wbb Ges ˆ`‡N©¨i GKK w ’̄i Ki“b| †h we› ỳi 

’̄vbvsK (x,y) Zv‡K (x+iy) RwUj msL¨vwUi cÖwZiƒc aiv nq| wP‡Î P, Q, R we› ỳÎ‡qi ’̄vbvsK h_vµ‡g (5, 2); (–4, 

3) Ges (2, –4) Giv h_vµ‡g 5+2i, –4+3i Ges 2–4i 

GB wZbwU RwUj msL¨vi R¨vwgwZK cÖwZiƒc| GKwU mgZ‡ji we› ỳ`j‡K RwUj msL¨v`‡ji R¨vwgwZK cÖwZiƒc 

wnmv‡e wPš—v Ki‡j H mgZj‡K MvDm mgZj (Gaussian Plane) ev AviMÛ wPÎ (Argand diagram) ejv nq| 

MvDm mgZ‡j xox´ A¶w ’̄Z  we›`mg~n KvíwbK msL¨v m~wPZ K‡i; Abyiƒcfv‡e yoy′ A¶w ’̄Z we› ỳmg~n KvíwbK 

msL¨v m~wPZ K‡i| xox´ †K ev —̄e A¶ (Real axis) Ges yoy´ †K KvíwbK A¶ (Imaginary axis) ejv nq| g~jwe›`y 

I (x, y) we› ỳi ms‡hvRK †iLv H msL¨vi gWz¨jvm ev ciggvb ev gvbvsK m~wPZ K‡i| A_©vr x2+y2 Gi eM©g~‡ji 

abvÍK gvbB n‡jv z=x+iy RwUj ivwkwUi gWz¨jvm ev gvbvsK| gWz¨jvm ev gvbvsK ÁvcK mij‡iLv e —̄e A‡¶i 

mv‡_ †h †KvY Drcbœ K‡i Zv H RwUj msL¨vi Av ©̧‡g›U| Av ©̧‡g›U =θ=tan–1


y
x   = arc tan 



y
x  , x I y Gi wbw ©̀ó 

gvb _vK‡jI wÎ‡KvYwgwZ †_‡K Avgiv Rvb‡Z cvwi †h θ Gi AmsL¨ gvb cvIqv hvq| wKš—z –( <θ( ( e¨ewai ga¨ ’̄ 

θ Abb¨ Ges G gvb‡K arg z ev amp z ev θ Gi gyL¨ gvb (Principal value) ejv nq| Avgiv gyL¨gvb‡KB RwUj 

msL¨vi Av ©̧‡g›U we‡ePbv Ki‡ev| 

 

mgm¨v bs 1  ZvwiLt 

 

mgm¨v t 

z1 = 5+2i, z2 = 3+4i RwUj msL¨vØq‡K AviMÛ wP‡Î wPwýZ K‡i R¨vwgwZK A¼b Øviv z1+z2 wbY©q, z1+z2 Gi 
gWz¨jvm (ciggvb) I AvM©y‡g›U wbY©q Ki‡Z n‡e| 

mgvavb t 

ZË¡ t z = x+iy n‡j mod z = | z | = x2+y2  Ges arg z = tan–1 yx   

Kvh©c×wZi ch©vqµwgK avc t 

1.  Ggb GKwU QK KvMR wbb hvi cÖwZwU eM©‡¶Î mylg| 

2.  O †K g~jwe› ỳ a‡i QK-KvM‡R x I y A¶ AvuKzb| GB †¶‡Î x A¶ ev —̄e A¶ I y A¶ KvíwbK A¶ wn‡m‡e 
m~wPZ| Dfq A‡¶i w`‡K eM©‡¶‡Îi cÖwZevûi ˆ`N©¨ ai“b 0.2 GKK ai“b| 

3.  z1 Ges z2 Gi cÖwZiƒcx we› ỳ ỳBwU DcwiD³ A¶ I g~jwe› ỳ mv‡c‡¶ h_vµ‡g A(5,2) Ges B(3, 4) Øviv 
’̄vcb Ki“b| 

4.  OA Ges OB †hvM Ki“b| OB Gi mgvš—ivj AC Ges OA Gi mgvš—ivj BC Uvbyb| Giv ci¯úi‡K C 
we› ỳ‡Z †Q` K‡i| 

5.  Zvn‡j, OACB GKwU mvgš—wiK Ges C we› ỳwU n‡e z1+z2 Gi cÖwZiƒcx we›`y| C we› ỳ †_‡K x- A‡¶i Dci 
CD j¤^ Uvbyb| 

6.  wPÎ †_‡K C Gi fzR OD = 8 Ges †KvwU CD=6 wbY©q Ki“b| †¯‹j Øviv ˆ`N©¨ cwigvc K‡i cvIqv hvq OC = | 
z1+z2| = 10 GKK   [ 50 Ni ] 

 Puv`vi mvnv‡h¨ cwigvc K‡i cvIqv hvq  

 �XOC = arg (z1+z2) = 36°.5 - - - - - - - - (i)  

 Avevi arg (z1+z2) = tan–1 
CD
OD  = tan

–1 
6
8  = 36°52´11´´ 
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          = 36°.86- - - - - - - (ii)   
 (i) I (ii) Gi Mogvb = 36°.68  

 
dj msKjb t 

z1 Gi cÖwZiƒcx we› ỳ 
A Gi ’̄vbvsK 

z2 Gi cÖwZiƒcx we› ỳ 
B Gi ’̄vbv¼ 

†jL †_‡K z1+z2 
Gi cÖwZiƒcx we› ỳ C 
Gi ’̄vbvsK 

†jL †_‡K cwigvc 
K‡i †hvMd‡ji 
gWz¨jvm 

†jL †_‡K cwigvc 
K‡i arg (z1+z2) = 
θ = �XOC  

(5,2) (3,4) (8,6) 10 36°.5 

exRMvwYwZK m~Î n‡Z- 
 z1+z2 = (5+2i) + (3+4i) = 8+6i 

 mod (z1+z2) = | z1+ z2| = 82+62  = 100  = 10  

 arg (z1+z2) = θ = tan
–1 

6
8  = 36°.86  

 

mgm¨v bs-2  ZvwiLt 
 

mgm¨v t z1=10+3i Ges z2 = 4–3i RwUj msL¨v ỳBwU AviMÛ wP‡Î cÖKvk Ki“b Ges R¨vwgwZK A¼b Øviv z1–z2 
wbY©q K‡i Gi gWzjvm I AvM©y‡g›U wbY©q Ki“b| 

mgvavbt  

ZË¡ t z = x+iy n‡j, mod z = x2+y2   Ges arg z = tan–1 yx   

Kvh©c×wZ t 
1.  z1–z2 = z1+(–z2) = (10+3i)+(–4+3i) = 6+6i  

2.  A¼b t QK KvM‡R x A¶ I y A¶ Ges g~jwe› ỳ O wPwýZ Ki“b| Dfq A‡¶i w`‡K †QvU e‡M©i cÖwZ evûi 
ˆ`N©¨ 0.5 GKK wb‡q z1 Ges (–z2) Gi cÖwZiƒcx we› ỳ h_vµ‡g A(10,3) I B(–4,3) ’̄vcb Ki“b| OA, OB 
†hvM Ki“b| OA Gi mgvš—ivj BC Ges OB Gi mgvš—ivj AC A¼b Ki“b| AC I BC ci¯úi C †Z †Q` 
K‡i| Zvn‡j, OACB GKwU mvgš—wiK Ges C we› ỳwU z1–z2 Gi cÖwZiƒcx we› ỳ| OC †hvM Ki“b Ges C †_‡K 
x- A‡¶i Dci CD j¤^ Uvbyb| wPÎ †_‡K cvIqv hvq C Gi fzR =OD = 6 GKK Ges †KvwU CD = 6 GKK| 

 †¯‹j Øviv cwigvc K‡i cvIqv hvq  OC = | z1–z2| = 8.4 Ges Puv`v Øviv cwigvY K‡i cvIqv hvq, �XOC  
= arg (z1–z2) = 45°.6  

 Ab¨w`‡K arg (z1–z2) = tan–1 
CD
OD  = tan

–1 
6
6  = 45° (gyL¨gvb) - - - - - - - - - (ii)  



GBP.Gm.wm †cÖvMÖvg 

BDwbU evBk  c„ôv-478 

 (i) I (ii) Gi Mo = 45°+45°.62   = 45°.3  

 

 
djvdj t 

z1 Gi cÖwZiƒcx we› ỳ 
A Gi ’̄vbvsK 

(–z2) Gi cÖwZiƒcx 
we› ỳ B Gi ’̄vbvsK 

z1–z2 Gi cÖwZiƒcx 
we› ỳ C Gi ’̄vbvsK 

| z1–z2 | = OC arg (z1–z2) = θ = 

�XOC 

(10,3) (–4,3) (6,6) 8.4 45°.6 

exRMvwYwZK m~Î †_‡K cvB = z1–z2 = (10+3i) – (4–3i) 
         = (10–4)+(3+3i) = 6+6i 

 ∴    | z1–z2 | = 62+62  = 36+36  = 72  = 8.48 

 Ges arg (z1–z2) = tan–1 
6
6  = tan

–11 = 45°  

 

mgm¨v bs-3  ZvwiLt 

mgm¨vt 

 z1 = 6+3i Ges z2 = – 4+6i RwUj msL¨vØ‡qi ¸Ydj, Ges z1z2 Gi gWzjvm I AvM©y‡g›U wbY©q Ki“b| 

mgvavbt 

ZË¡ t gWzjvm (z1z2) = | z1z2| = | z1 |.| z2 |  

 Ges AvM©y‡g›U z1z2 = AvM©y‡g›U z1 + AvM©y‡g›U z2  

Kvh©c×wZi ch©vqµwgK avc 

1. QK KvM‡R x- A¶ ev —̄e A¶, y- A¶ KvíwbK A¶ wn‡m‡e wPwýZ Ki“b Ges g~jwe› ỳ O wPwýZ Ki“b| 

2. Dfq A‡¶i w`‡K eM©‡¶‡Îi cÖwZevûi ˆ`N©¨ 0.5 GKK we‡ePbv Ki“b| 

3. z1 = 6+3i Ges z2 = – 4+6i Gi cÖwZiƒcx we›`y P(6,3) Ges Q(–4, 6) ’̄vcb Ki“b| 

4. OP, OQ †hvM Ki“b| x- A‡¶i abvÍK w`‡K ¶z ª̀ `k N‡ii evûi ˆ`N©¨ =OA = GKK a‡i AP †hvM Ki“b| 
wÎfzR OPA MwVZ n‡jv| OPA wÎfz‡Ri m „̀k ORQ wÎfzR A¼b Ki“b| wÎfzR OPA Gi m „̀k‡KvYx wÎfzR 
ORQ, OQ Gi †h w`‡K ∆OPA Aew ’̄Z Zvi wecixZ w`‡K n‡e| Zvn‡j R we› ỳ z1 I z2 RwUj msL¨vØ‡qi 
¸Yd‡Yi Ae ’̄vb wb‡ ©̀k K‡i| 
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dj msKjb t 

∆ORQ I ∆OPA m`„k (†j‡Li wPÎ †_‡K) 

AZGe, OROQ  = 
OP
OA  = OP  [ ...  OA = 1 GKK ] 

 ∴   OR = OP.OQ = z1.z2  

 †jL †_‡K †`Lv hv‡”Q R we› ỳi ’̄vbv¼, – 16.82   = –8.4 Ges 9.62   = 4.8 A_©vr R we› ỳi ’̄vbvsK (–8.4, 4.8).  

 Avevi †m‡nZz 10 eM© Ni‡K GKK aiv n‡q‡Q| cÖK…Z c‡¶ R we› ỳi ’̄vbvsK n‡e Ges –8.4∞ 102   Ges 4.8 ∞ 
10
2    

A_©vr R we› ỳi ’̄vbv¼ (–42, 24)  

 myZivs RwUj msL¨vØq 6+3i Ges – 4+6i Gi ¸Ydj R we›`y Øviv wb‡`©wkZ Ges Gi gvb – 42+24i  

 †¯‹j Øviv cwigvc K‡i cvIqv hvq OR = | z1z2 | = 19.5 Ni =1.95 GKK   [ ...  10 Ni = 1 GKK ˆ`N©¨ ] 

 Puv`vi mvnv‡h¨ cwigvc K‡i cvIqv hvq  �XOR = arg (z1z2) = 150°  

 Avevi arg (z1z2) = tan–1 



BR

OB   = tan–1 



24

–42   = –29°44´41.57´´ (cÖvq) 

 ∴ †KvY = 180° –29°44´41.57´´ = 150°15´(18.4)´´ (cÖvq) 

 [ SHIFT   tan   24 
ab
c    42 

+
–  =   – 29°44´41.57 + 180° ] 

 

QK-1 t gWzjvm 

z1 Gi cÖwZiƒcx 
we› ỳ P Gi 
’̄vbvsK 

z2 Gi 
cÖwZiƒcx we› ỳ 
Q Gi ’̄vbvsK 

†jL †_‡K z1z2 
Gi cÖwZiƒcx we› ỳ 
R Gi ’̄vbvsK 

R we› ỳi 
cÖK…Z 
’̄vbvsK 

|z1| = OP | z2 | = OQ |z1z2|=OR 

(6,3) (–4,6) (–8.4, 4.8) (–42,24) 62+32  = 

6.71 (cÖvq) 
(–4)2+62  

= 7.21 cÖvq 
(–8.4)2+(4.8)2 

)  = 9.67 cÖvq 

 

QK-2 t AvM©y‡g›U 

z1 Gi cÖwZiƒcx 
we› ỳ P  

z2 Gi cÖwZiƒcx 
we› ỳ Q  

z1z2 Gi cÖwZiƒcx 
we› ỳ R Gi ’̄vbvsK 

arg z1 = 

θ1 
arg z2 = 

θ2 
arg (z1z2) 

= θ1+θ2 
Puv`vi gv‡c arg 
z1z2 = �AOR  
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(6, 3) (–4, 6) (–8.4, 4.8) 27° 123° 150° 150° 

 

‡jLwP‡Î OA = 10 Ni = GKK ˆ`N©¨ 

myZivs | z1 | = 6.71 ∞ 
2
10  = 1.342 GKK ˆ`N©¨ 

 | z2 | = 7.21 ∞ 
2
10  = 1.442 GKK ˆ`N©¨ 

 | z | = 9.67 ∞ 
2
10  = 1.934 GKK ˆ`N©¨ 

AZGe wb‡Y©q gWzjvm | z | = | z1 |.| z2 | = 1.342 ∞ 1.442 = 1.935  

 ∴   | z | = | z1 | . | z2 |  (cixw¶Z) 

Avevi arg z1 = θ1 = 27°  

 arg z2 = θ2 = 123°  
 arg (z1z2) = 150°  

 ∴   arg (z1z2) = arg z1 + arg z2 (cixw¶Z) 
 
exRMwYZxq m~Î cÖ‡qvM K‡i cvB- 
 z1z2 = (6+3i) (–4+6i) 

  = –24 –12i+36i–18 

  = –42 + 24i  

 ∴    mod (z1z2) = (–42)2+(24)2   

 Ges arg (z1z2) = θ = tan–1 



24

–42   = 150°15´(18.4)´´ (cÖvq) 

 

mgm¨v bs-4  ZvwiLt 

mgm¨v t 7–i
3–4i   †K AviMÛ wP‡Î cÖKvk K‡i Gi gWzjvm I AvM©y‡g›U wbY©q Ki‡Z n‡e| 

mgvavb t  

 g‡b Ki“b cÖ`Ë RwUj msL¨vØq h_vµ‡g z1 = 7–i  

 Ges z2 = 3–4i  

ZË¡ t mod 




z1

z2
  = 





z1

z2
  = 

| z1 |

 |z2 |
   

 Ges arg 




z1

z2
  = arg (z1) – arg (z2)  

Kvh©c×wZ t 

1.  QK KvM‡Ri ¶z ª̀ cuvP Ni =1 GKK Ges x– A¶‡K ev —̄e A¶ I y A¶‡K Aev —̄e A¶ Ges O we› ỳ‡K 
g~jwe› ỳ g‡b Ki“b Ges QK KvM‡R wPwýZ Ki“b| 

2.  z1 I z2 msL¨vØ‡qi cÖwZiƒcx we› ỳ P(7,–1) I Q(3, –4) ’̄vcb Ki“b| OP, OQ Ges PQ †hvM Ki“b| x–
A‡¶i abvÍK w`‡K †QvU `k N‡ii evûi ˆ`N©¨ = OA = GKK ai“b|  AP †hvM Ki“b| 
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3.  A we› ỳ‡Z �OQP Gi mgvb K‡i �OAS A¼b Ki“b| Avevi �XOQ Gi mgvb K‡i �POR A¼b Ki“b| 

Zvn‡j R we› ỳB 
z1
a2
   RwUj msL¨v m~wPZ K‡i| ai“b �XOP = θ1, �XOQ = θ2 Ges �AOR = θ1.  

4.  ∆OPQ Ges ∆OAR m`„k, KviY �A = �Q.  

 �AOR = �POR – �POA = θ2–θ1 = �POQ  

 ∴   �P = �R 

 ∴  
OR
OP  = 

AR
PQ  = 

OA
OQ    �  OR = 

OP
OQ  .OA = 

OP
OQ  - - - - - - (i)    [ 

...  OA = GKK ] 

 Avevi, �AOR = θ2 – θ1 - - - - - - - - (2)  
 (2) bs mgxKiY n‡Z R we› ỳi †f±i †KvY (Vectorial angle) = – (θ1–θ2),  hLb abvÍK w`‡K cwigvc Kiv 

n‡j, †f±i †KvY n‡e = θ1–θ2.  

 ∴    
z1
z2
  – Gi fvMdj, R we› ỳ Dc ’̄vcb Ki‡e| 

 A_©vr 
z1
z2
  – Gi AvM©y‡g›U (arg.) = ± (arg z1–arg z2).  

 
djmsKjb t 

(i) bs mgxKiY †_‡K = OR = OPOQ  

 ∴  mod 




z1

z2
  = 





z1

z2
  = OR = 

OP
OQ  = 

| z1 |

| z2 |
  ,  †hLv‡b, OP = | z1 | Ges OQ = | z2 |.  

†¯‹j Øviv cwigvc K‡i cvIqv hvq, 

 mod 




z1

z2
  = 





z1

z2
  = OR = 14.0 Ni  

          = 1.40 GKK ( ∴  10  Ni = 1 GKK) 
Puv`v Øviv cwigvc K‡i cvIqv hvq, 

 arg 




Z1

Z2
  = �AOR = 45°  

QK-1 t gWzjvm 

z1–Gi 
cÖwZiƒcx we› ỳ P 
Gi ’̄vbvsK 

z2–Gi 
cÖwZiƒcx we› ỳ 
Q–Gi 
’̄vbvsK 

z1
z2
  Gi 

cÖwZiƒcx we› ỳ 
R–Gi ’̄vbvsK 

| z1 | = OP | z2| =OQ |z1|

|z2|
  = OR 

†¯‹‡ji 
cwigv‡c 





z1

z2
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(7, –1) (3, –4) (2, 2) 
0.50 ∞

5
10  

= 5(2∞
5
10   

= 
5(2
2   

25 ∞
5
10  = 

5∞
5
10  = 

5
2  

5 2
2

5
2

  

= (2 = 1.41 

1.40 

 

QK-2 t AvM©y‡g›U 

z1–Gi 
cÖwZiƒcx we› ỳ 
P Gi ’̄vbvsK 

z2 Gi 
cÖwZiƒcx we› ỳ 
Q-Gi ’̄vbvsK 

z1
z2
  Gi cÖwZiƒcx 

we›`y R Gi 
’̄vbvsK 

arg z1 = θ1  arg z2=θ2 θ2–θ3 Puv`vi gv‡c arg 

z1
z2
  = �AOR  

(7, –1) (3, –4) (2, 2) –8.5° –53.5° –45° 45° 

 
exRMwYZxq m~‡Îi mvnv‡h¨ t 

 
z1
z2
  = 

7–i
3–4i   = 

(7–i)(3+4i)
(3–4i)(3+4i)  

  = 
21+28i–3i–4i2

32–42i2
  

  = 
25+25i
25   = 1 + i  

 ∴   arg 




z1

z2
  = tan–1 



1
1   = 45° 

Avevi  arg z1 = θ1 = tan–1 



– 
1
7   = –8°7´ 

   arg z2 = θ2 = tan
–1 



–4

3   = –53°7´ 

  

Abykxjbx-22.1 

1.  AviMÛ wP‡Îi mvnv‡h¨ wbæwjwLZ RwUj msL¨vØ‡qi †hvMdj, we‡qvMdj, ¸Ydj Ges fvMdj wbY©q K‡i 
G‡`i gWzjvm I AvM©y‡g›U wbY©q Ki“b| 

 (i)  –4+6i Ges 3–2i  (ii)  3+5i Ges 19–7i  

 (iii)  10–7i Ges 5+2i  (iv)  6–2i Ges –2+5i  

2.  16+9i
5+7i    †K AviMÛ wP‡Î cÖKvk K‡i Gi gWzjvm I AvM©y‡g›U wbY©q Ki“b| 

 

†gŠwLK m¤¢ve¨ cÖkœ 

1.  RwUj msL¨v Kv‡K e‡j? 
2.  RwUj msL¨vi ev —̄e Ask I KvíwbK Ask ej‡Z wK †evSvq e¨vL¨v Ki“b? 
3.  RwUj AbyeÜx wK? 
4.  MvDm mgZj ev AvM©Û wPÎ ej‡Z wK †evSvq? 
5.  –z – Gi cÖwZiƒcx we› ỳ wK? 
6.  z = x+iy Gi ciggvb ev gvbv¼ ev gWzjvm ej‡Z wK †evSvq? 
7.  RwUj msL¨vi AvM©y‡g›U wK? 
8.  arg θ ev θ Gi gyL¨gvb ej‡Z wK †evSvq? 


