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Lesson — 1: Meaning, Methods, and Types of Set

After studying this lesson, you should be able to:

» ldentify sets and its elements;
» Apply the methods of describing a sets;
» Define and explain different types of sets.

Introduction

Mathematics speaks in the language of sets because it lies at the foundations of mathematics. Set
is an undefined term, just as point and line are undefined in geometry.

Meaning of Sets and Element

A set is understood to be a collection of objects. In other way, a set is a collection of definite and
well distinguished objects. Each object belonging to a set is known as an element of the set.
Generally capital letters 4, B, C, X, Y....etc. are used to denote a set and small letters a, b, ¢, x, y,
...etc are used to denote elements of a set.

A set may be described by listing its members/elements between the symbols {and}, which are
called set braces. Thus, the expression {1, 2, 3, 4} is read as: The set of 1, 2, 3 and 4. The
elements of the set are 1, 2, 3 and 4. The symbol for set elements is €. Thus 1€ {1, 2, 3, 4} is
read as: 1 is an element of {1, 2, 3, 4}. The symbol ¢ is the negation of €. Thus 6 ¢ {1, 2, 3, 4}
is read as: 6 is not an element of {1, 2, 3, 4}.

Methods of Describing a Set

A set can be described in the following two ways:

(1) Tabular Method: In this method, all the elements of the set are enclosed by set braces. For
example,

(a) A set of vowels; A= {a, e, 1,0, u}

(b) A set of even numbers; A = {2, 4, 6, ...... }

(c) A set of first five letters of alphabet; A = {a, b, ¢, d, e}

(d) A set of odd numbers between 10 and 20; A = {11, 13, 15, 17, 19}

(2) Selector / Set-builder Notation Method: In this method, elements of the set can be
described on the basis of specific characteristics of the elements. For example, let if x is the
element of a set, then the above four sets can be expressed in the following way:

(a) A= {x|x is a vowel of English alphabet}

(b) A = {x | xis an even number}

(c) A= {x|xis a letter of the first five alphabet in English}
(d) A= {x| x is an odd number between 10 and 20}

cc"’

In this case, the vertical line “|” after x is to be read as “such that”.

Types of Sets

A set can be classified on the basis of special features of elements. There are different types of
sets which are discussed below:

(i) Null, Empty or Void Set: A set having no element is known as null, empty or void set. It is
denoted by . For example,

(1) A= {x]|xisan odd integers divisible by 2}
(i) A= {x|xZ=4,xisodd}
A is the empty set in the above two cases.
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(ii)

(iii)

(iv)

\9)

(vi)

Finite Set: A set is finite if it consists of a specific number of different elements, i.e. the
counting process of the different members/elements of the set can come to an end. For
examples,
6)] A=1{1,2,3,4,5} (i) A={a,e,i,0,u}
then the sets are finite, because the elements can be counted by a finite number.
Infinite Set: If the elements of a set cannot be counted in a finite number, the set is called an
infinite set. For example,
(a) LetA=1{1,2,3,4.... }
(b) Let A= {x|xis a positive integer divisible by 5},
then the sets are infinite, as the process of counting the elements of these sets would be
endless.
Sub Sets: If every element in a set A is also the element of a set B, then A is called a subset
of B. We denote the relationship by writing A < B, which can also be read as “A is
contained in B.” For example,

B = {x | x is a positive even number}
C = {x | x is a positive odd number}

In this case B < A and C ¢ A, because all the positive even and odd numbers are included in
the set A.

Proper Subset: Since every set A is a subset of itself, we call B is a proper subset of A if B
is a subset of A and B is not equal to A. If B is a proper subset of A, it can be represented
symbolically as B — A. For example,

A={a,b,c,d}, B=1{a,c,b,d,c,a}

C={a,c,d, a,d,a}
In this case, C < A and C < B, because the elements of C set are included in the sets A and
B, but the element ‘b’ in of A and B sets is not element of C set.
Equal Sets: Two sets A and B are said to be equal if every element which belongs to A also
belongs to B, and if every element which belongs to B, also belongs to A. We denote the
equality of sets A and B by ‘A = B’. For example, let A= {2, 3,4}, B={4,2,3},C= {2, 2.
3,4}, then A = B = C, since each element which belongs to any one of the sets also belongs
to the other two sets.

(vii) Equivalent Sets: If the elements of one set can be put into one to one correspondence with

the elements of another set, then the two sets are called equivalent sets. For example,

Let A={a,b,c,d,e,f} and B={1,2,3,4,5, 6}

In this case, the elements of set A can be put into one to one correspondence with those of
set B. Hence the two sets are equivalent. It is denoted by A = B.

(viii)Unit Set/singleton: A set containing only one element is called a unit set or singleton. For

(ix)

example,

(a) A= {a}

(b) B = {x | x is a number between 27 and 34 divisible by 10}

In B set, 30 is the only number between 27 and 34 which is divisible by 10.

Power Set: The set of all the subsets of a given set A is called the power set of A. We
denote the power set of A by P(A). The power set is denoted by the fact that ‘if A has n
elements then its power set P(A) contains exactly 2" elements’.
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(xi)

For example, let A = {a, b, c} then its subset are {a}, {b}, {c}, {a,b}, {b,c}, {c,a} {a,b,c},
{9}

- P(A)=[{a}, {b}, {c}, {ab), {bc}, {c.a}, {ab,c}, {D}]

Disjoint Sets: If the sets A and B have no element in common, i.e., if no element of A is in
B and no element of B is in A, then we say that A and B are disjoint.

For example, let A = {3, 4, 5} and B= {8, 9, 10, 11}, then A and B sets are disjoint because
there is no element common in these two sets.

Universal Sets: Usually, only certain objects are under discussion at one time. The universal
set is the set of all objects under discussion. It is denoted by U or 1. For example, in human
population studies, the universal set consists of all the people in the world.

Questions for Review

These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

L.

How would you define set? Identify some of the characteristics of sets. Is there any
distinction between set and element?

Define the following with examples:
Null set, finite set, infinite set, disjoint set, equal sets, equivalent sets, venn diagram,
universal set.

(a) What is a subset and proper subset.
(b) Find the power set of A = {1, 2, 3,4}

List the elements of the following sets:
(a) The set of all integers whose squares are less than 30;

(b) The set of integers satisfying the equation x2—7x +10 =0,
(c) The set of all positive integers which are divisible by 5 and smaller than 78.

State whether each of the following sets is finite or infinite. When the set is finite indicate the
number of elements it possesses;

(a) The set of odd positive integers;
(b) The set of all integers, whose squares are less than 45,

(c) The set of integers satisfying the equation xX2-5x+6=0
(d) The set of students in your class who are taller than 7 feet.
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Lesson — 2: Venn Diagrams

After studying this lesson, you should be able to:

» Draw a Venn diagram of any set;

» Explain the nature of Venn diagram;

» Apply laws of sets for set operations;

» Explain the relationship between sets by using Venn diagram.

Venn Diagrams

Generally Venn diagram is used to help visualize any set and the relationship between sets. It is
usually bounded by a circle. With the help of Venn diagram we can easily illustrate various set
operations.

Following is the Venn diagram (Fig.1) of three sets A, B and C:

(DEQ9

Fig.1

Laws of Algebra of Sets

Basic set operations viz. union, intersection and complement satisfy some laws, known asLaws of
Algebra of Sets. We state below these laws of algebra of sets:

1. Idempotent Laws: For any set A, we have (1) A WA = A,
(i) AnA=A.
2. Commutative Laws: For any two sets A and B, we  have

(H)AUB=BUA,(ii))AnB=BnNA.
3. Associative  Laws: For any three sets A, B and C, we have,
HAUVBUO=AUBUC,(lI))ANnBNC)=(AnB)nC.
4. Distributive Laws: i) A U B n C) = ( A U B) n ( A u O,
(i) AnBUCO)=(AnB)UANC).
5. De Morgan’s Laws: For any two sets A and B, we have
(i) (A U B)°* = A® " BS, (ii) (A N B)® = (A® U B®)
6. Identity Laws: Let U be the universal set, ¢ be the null set and A be any subset of U. Then,
()AuU=U,>{) AnU=A[ii) A up= A, (iv) A Nd= ¢.
7. Complement Law : with the same notation given in (6) above, we have (i) A UA® = U, (ii)
(A U U)° = ¢, (iii) (AS)C = A, (iv) U®=4¢, (v) ¢°=U, where AC is the complement of A.
Note: We observe similarity is some laws of the set theory with the ordinary algebraic laws of
real numbers. If a, b, ¢ are real numbers, we have following laws of algebra of numbers:
i) a+tb=>b+a,
(i) axb=bxa,
(i) a+(b+c)=(a+b)+c
(iv) ax(bxc)=(axb)xc
(V) ax(b+c)=axb+axc.
If addition (+) and multiplication (x) notations of algebra of real numbers are replaced
respectively by union (U) and intersection (M) notations of the set theory and the real numbers q,
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b, c are also replaced by the sets A, B, and C respectively, we obtain the following laws of
algebra of sets:

i) AuUB=BUA
(i) AnB=BnA
(i) A v BulO)=AuBUC
iv) A (BN C)=(AnB)nC
V) AnBulO)=(AnB)UAnC).
But some laws of algebra of sets differ from algebra of real numbers. For example, in ordinary

algebra of real numbers, we have, (i) a + a = 2a, (ii) axa = a?

AUA=A, (i) AnA=A.

In algebra of numbers, addition does not distribute across multiplication, i.e., for three real
numbers a, b and ¢, [a + (b x ¢)] # (a + b) x (a + ¢).

But in algebra of sets, union distributes across intersection, i.e., for three sets A, B and C we have
AuBNC=(AuB) Nn(AuCO).

Example-1:

Using Venn diagram, verifythat An (BN C)=(ANnB)nC

. But in algebra of sets, we have, (i)

Solution:

LHS: Assume that the rectangular regions in Figs.-2, 3, 4 and 5 represent the universal set U and
its subsets A, B and C in each diagram are represented by circular regions.

In Fig.-2, the set A has been shaded by horizontal straight lines and the set (B m C) has been
shaded by vertical straight lines (i.e., the region common to both the sets B and C). Then by
definition, the cross hatched region (i.e., the region where the horizontal and vertical lines
intersect) represents the set A N (B m C). The region representing this set has been shaded
separately by slanting lines in Fig.-3.

U U

c N,

Fig. 2 Fig. 3

RHS: In Fig.-4, the set (A N B) has been shaded by horizontal lines (i.e., the region common to
both the sets A and B) and the set C has been shaded by vertical straight lines. Then by definition,
the cross hatched region (i.e., the region where the horizontal and vertical lines intersect)

represents the set (A N B) N C. The region representing this set has been shaded separately by
slanting lines in Fig.-5.

u 5 U

A
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From Figs.-3 and 5, we see that the regions representing the sets [A N (B N C)] and [(A " B) N
C] are identical. This verifiesthat AN (BN C)=(AnB)nC.

Example-2:

Using Venn diagram, verify that AU (BN C)=(AuB)n (AU Q)

Solution:

LHS: Assume that the rectangular regions in Figs.-6, 7, 8 and 9 represent the universal set U and
its subsets A, B and C in each diagram are represented by circular regions.

In Fig.-6, the set A has been shaded by cross of horizontal and vertical lines. Set C has been
shaded by horizontal straight lines and the set B has been shaded by vertical straight lines (i.e.,
the region common to both the sets B and C becomes a cross hatched region). Then by definition,
the total cross hatched region represents the set A U (B n C).

The region representing this set has been shaded separately by slanting straight lines in Fig.-7.

‘,.
e

Fig. 6

RHS: In Fig.-8, the set (A U B) has been shaded by vertical straight lines (i.e., the total region
enclosed by the sets A and B) and the set (A U C) has been shaded by horizontal straight lines
(i.e., the total region enclosed by the sets A and C). Then by definition, the cross hatched region
(i.e., the region where the horizontal and vertical lines intersect) represents the set (A U B) N (A
U C).The region representing this set has been shaded separately by slanting lines in Fig.-7.

‘,.
e

Fig. 8

From Figs.-7 and 9, we see that the regions representing the sets A W (B n C) and (A U B) N (A
U C) are identical. This verifiesthat AU (BN C)=(AuB)n (AU ).

Example-3: [De Morgan’s Laws]

Using Venn diagrams, verify that (A m B)® = A® n B¢

Solution:

LHS: Assume that the rectangular regions in Figs.-10, 11, 12 and 13 represent the universal set U
and its subsets A and B in each diagram are represented by circular regions.

In Fig.-10, the set A U B has been shaded by horizontal straight lines (i.e., the total region
enclosed by the sets A and B). Then by definition, the region of the rectangle outside the shaded

region represents the set (A M B)C(i.e. the complement of A U B). The region represented by (A
M B)®has been shaded separately by slanting lines in Fig.-11.
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Fig.10 Fig.11
RHS:In Fig.-12, the set A€ has been shaded by horizontal straight lines (i.e., theregion of the

rectangle outside the set A) and the set B® has been shaded by vertical straight lines (i.e., the
region of the rectangle outside the set B). Then by definition, the cross hatched region (i.e., the

region where the horizontal and vertical lines intersect) represents the set A N B®. The region
represented by the set A® m B€has been shaded separately by slanting lines in Fig.-13.

I~ Il Hs H
i —

Fig.12 Fig.13
From Figs.-11 and 13, we see that the region representing the sets (A U B)®and A® n B€ are
identical. This verifies that (AU B)°= A® n B®

i

Questions for Review

These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1. What are the laws of algebra in set theory?

Using Venn diagram verify that AU (BUC)=(AuB)uC

Prove that A U (B N C) = (A U B) n (A U C) using Venn diagram.

Prove that (A N B)¢ = AU B¢ using Venn diagram.

Using Venn diagram show that X U (Y N Z)=(Xuw Y) N (XU Z)

kN
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Lesson-3:Addition, Subtraction, and Complement of Sets

After studying this lesson, you should be able to:
» Apply the addition operation of sets;

» Apply the subtraction operation of sets;

» Apply the complement operation of sets.

Introduction
Basic set operations will help the mathematician in identifying common elements or uncommon
elements or differences of elements between two or more sets. It has been discussed as under:

Union of Sets

The union of sets X and Y is the set of all elements, which belong to X or to Y or to both. We
denote the union of X and Y by (X U Y), which is read as ‘X union Y’. The union of X and Y
may also be defined concisely by, X UY = {x :xeX or Y}

Example-1:

LetX={1,2,3,4,5,6}and Y=1{3,4,5,6,7, 8}

then X WY ={1,2,3,4,5,6,7, 8} ( According to the tabular method)

XU Y={a:aeland 1 <a <8} (According to selector method).

Properties

The important properties of the union of two or more sets are:

e The individual sets composing a union are elements/ members of the union, In other words X

cXuY)andYc(XUVUY)

It has an identity property in an empty/null set. .. X U @ =X, for every set X.

Union of a set with itself is the set itself, i.e., X U Y= X, for every set X.

It has a commutative property, i.e., for any two sets X and Y, X U Y =Y UX

It has an associative property, i.e., for any three sets X, Y and Z,

XuY)uwuzZ=XuU (Y UZ)

fYcX, thenXuUY=Xandifxcy,then X UY =Y.

e XUY=0,then X =0 and Y = @, in other words, both are null sets.

e X N Y is the proper subset of X and X is the proper subset of X U Y.ie., X NY)c X (X
vY).

Intersection of Sets:

The intersection of sets X and Y is the set of elements, which are common to X and Y, that is,

those elements which belong to X and which also belong to Y. We denote the intersection of X

and Y by X N Y, which is read as ‘X intersection Y’.

The intersection of X and Y may also be defined conciselyby X " Y={b:be X, b €y}

Example-2:

LetX=1{2,3,4,5,6,7)and Y ={3,4,5,6,7,8,9}

Then XnNY={3,4,5,6,7} (According to tabular method)

XNY={b:beland3 <b<7} (According to selector method)

Properties

The important characteristics of intersection of sets are as follows:

e X NY isthe subset of both the set X and the set Y,

ie. XNY)cXand(XNY)CY.

Intersection of any set with an empty set is the null set, i.e., X N @ = @ for every set X.

Intersection of a set with itself is the set itself, i.e. (X N'Y) = X, for every set X.

Intersection has commutative property, i.e., X "Y =Y N X.

Intersection has associative property. For any three sets X, Y and Z,

XNY)NnZ=X"n(YNZ)
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o If XcY,thenXNnY=X and Y < X, than X "' Y =Y. For example, if X ={2,3} and Y =
{2, 3, 4,5, 6}, then X is the subset of Y, i.e., X < Y. In this case X 'Y = {2, 3}, because 2
and 3 are the common elements of X and Y sets. Therefore, X N Y = X.

o fXcYandYc X thenXcc(YNZ);becauseYcSZ thenY NZ=Y:

Distributive Laws of Unions and Intersections of Sets

The distributive laws of unions and intersections of the sets can be illustrated as under:

(1) The laws of the algebra of sets mentioned that the union distributes over intersection which
is not possible in ordinary algebra,

e, X u(YuZ)=XuY)n(XuZ)

LetX={a,b,c,d,e}; Y={c,d, e, f,g} andZ= {e, f, g h, i}

then(Y N Z)={e,f,gtand XU (Y nZ)={a,b,c,d, e, f, g}

On the other side, X WY ={a,b,c,d, e, f,g}; X UZ={a b,c,d, e f gh,i}
then XUY) Nn(XuZ)={a,b,c,de,f g}

So, Xu(YNnZ)=XuY)n(XuUZ)

(1)) The algebra of sets can be expressed that the intersection distribute over the union which is
also there in ordinary algebra. i.e., XN (YU Z)=(XNY)uU (XN Z).
LetX=1{1.2,3,4},Y={2,3,4,5}and Z= {3, 4, 5, 6}

Then (Y n"2Z2)={2,3,4,5,6} and
XNn(YuZ)={2,3,4}

On the other hand,
XuY)=1{2,3,4};XnZ)={3,4}
LXNYYu(XnZ) ={2,3,4}

So, XNn(YuZ)=(XNnY)u(XnZ)

Complement of a Set

The complement of a set X is the set of elements which do not belong to X, that is, the difference

of the universal set U and X. We denote the complement of X by X¢ or X'. The complement of X

may also be defined concisely by, X =U-X={x x e U, x ¢ X}.

Example-3:

LetU={1,2,3,4,5,6,7} and X = {2, 3,4, 5}

ThenX“=U-X={1,6,7}

The following Venn diagram showing the complement of a set:

u

The shaded region is X© or X' = (U — X)

Properties

The important properties of complement of a set are:

e The intersection of a set X and its complement X' is a null set, i.e., X NX' = @.

e The union of a set X and its complement X' is the universal set, i.e., X UX' = U.

e The complement of the universal set is the empty set and the complement of the empty set is
the universal set. Symbolically, U’ = @ and @' = U.

o The complement of the complement of a set is the set itself. Symbolically, (X')" = X.

e [f X is the proper subset of Y, then the complement of Y set is the proper subset of
complement of X set. Symbolically, if X — Y, then Y'c X'.

e Expansion or contraction of sets is possible by taking into account the complements of a set.
Forexample, XN Y)u(XNnY)=X,and XuY)n(XuY)=X
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Example-4:

Let A={1,2,3,4},B={2,4,6,8} and C= {3, 4, 5, 6}. Find (i) AUB, (ii)) AUC, (iii)) BUC,
(iv) BUB, (v) (AUB)UC, (vi) AU (BUC).

Solution:

i) AuB={1,2,3,4,6,8}
(i) AuC={1,2,3,4,5,6}
(i) BU C=1{2,3,4,5,6,8}
(iv) BUB={2,4,6,8
v) (AuB)LUC=1{1,2 6
(vi) AuBUC)=1{1,2,3,4,5,6,
Example-5:
LetA=1{2,3,4,5},B=1{3,5,7,8, andC= {4, 5,6, 7, 8}

Find (i) AN B, (ii)) AN C, (iii)) BN C, (iv) BN B, (v) (ANB)NC, (vi) AN (BN C).

Solution:

i) AN B={3,5}

(i) AnC=1{4,5}

(i) BN C={5,7, 8}.

(iv) BNB={3,5,7,8}

v) (AnB)NC= {5}

(vi) An(BNC)={5}.

Example-6:

LetA={1,2,3,4},B=1{2,4,6,8} and C= {3, 4, 5, 6}. Find (i) A — B; (ii) C — A; (iii) B - C;
(ivyB—A; (v) B-B.

Solution:

i) A-B={1,3}

(i) C-A={5,6}

(iii)) B-C={2, 8}

(iv) B—A={6,8}

(v) B-B={¢}.

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:
1. Define the following with examples:
(a) Union of sets, (b) Intersection of sets, and (¢) Complement of a set.
2. Let the universal set and sets A, B and C are as follows:
U=1{1,2,3,4,5,6,7,8,9, 10}
A={1,2,3,5}
B=1{2,5,6,8}
C={5,6,8,9,10}
Find (i) AUBUC; (i1) (AU BU CY’; (i) ANBNC; (iv) C'; (v) B'; (vi) A'.
3. LetU={0,1,2,3,4,5,6,7,8,9}
A={1,2,57;,B=1{0,1,4,6},C={3,4,5,7}
Show that AUBUC) =A'NB'NC’
4. If the universal set U = {x :xe Nand 1 <x <10}
A={xxeN and1<x <8}
B = {x :x is a natural number, which is less than 10 and divisible by 3}
C={1,2,3,5,6}
Find (i) A"; (i1) AU B; (iii)) AN G; (iv) (AU C)’; (v) BN C.
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Lesson-4: Difference and Product of Sets

After studying this lesson, you should be able to:

» State the difference of sets;
» State the product of sets;
» Explain the presentation of sets with corresponding set notation.

Difference of Two Sets
The difference of set Y from set X is the set of elements, which belong to X but which do not
belong to Y. We denote the difference of X and Y by (X ~ Y), which is read as: X difference Y,
or simply, ‘X minus Y’. The difference of X and Y may also be defined concisely by, X ~Y = {a
:ae X, ag Y.
For example: Let X={a,b,c,d, e, f} and Y = {d, e, f, g, h}

Then X ~Y = {a, b, c}

and Y ~X = {g, h}
The difference of two set can be shown by Venn diagram as under:

The shaded
portionis X~Y

The shaded

— portionis Y~X

Properties

The important properties of the difference of two sets are as under:

o X —Y is the subset of X, i.e., (X—Y) < X and (Y — X) is the subset of Y, i.e., (Y —-X) Y.

e (X-Y),(XNY)and (Y — X) are mutually disjoints.

e X—(X-Y)=(XNY)and Y- (Y -X)=XNY.

Product of Two Sets

Let X and Y be two sets. The product of sets X and Y consists of all ordered pairs where {(x, y):
xeX and ye Y}. It is denoted by (X x Y), which is read as “X cross Y”. The product of sets X
and Y may also be defined concisely by, (X x Y) = {(x, ) xeX, ye Y}.

The product of sets (X x Y) is also called Cartesian product of X and Y.

For example: Let X = {1,2,3} and Y = {5, 6, 7}

Then X.Y = {(1,9), (1,6), (1,7), (2,5) (2,6) (2,7), (3,5), (3,6) (3,7)}. The Cartesian product of X
and Y sets can be displayed in the following rectangular co-ordinate system.

The shaded portion is XY and MNOP is the required rectangular system of XY.
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Properties
The important properties of a Cartesian product are as follows:

e X.Y and Y.X have the same number of elements but X.Y # Y.X, unless X = Y. Thus the
Cartesian product of two sets is commutative if the two sets are equal.

e In the product of sets Y.X, the first component of ordered pairs are taken from Y and the
second from X.

e If X and Y are disjoint sets, then X.Y and Y.X are also disjoint.

e If the set X consists of m elements x,, x,,.....x» and set Y consists of the n elements y, y,,
V3,.....y, then the product sets X.Y consists of mn elements.

o Ifeither X or Y is null then the set X.Y is also a null set.

e [feither X or Y is infinite and the other is a non-empty set, then X.Y is also an infinite set.
o IfXcY,thenX.ZcY.Z

e IfXcY andZ < D, then X.Z c Y.D.

o [fXY then XY = (XY)n (Y.X)

e IfX,Y and Z be any three sets, then X.(Y N Z) =(X.Y) N (X.Z)

e [fX, Y and Z be any three sets, then X.(Y U Z) = (X.Y) U (X.Z2)

o XY)Nn(ZD)=(XNnZ)x (Y nD).

The following examples contain some model applications of set theory.

Example-1:
Let A= {a,b},B=1{2,3} and C = {3, 4}. Find (i) A x (B U C); (ii) (A x B) U (A x C); (iii) A x
(BN C); (iv) (AxB) n(AxC).
Solution:
(i) AxBUC)=(a,b)x(2,3,4)
={(a,2), (a,3), (a.,4), (b,2), (b,3), (b,4)}
(i) (AxB)U(AxC)
(A xB)={(a, b) x(2,3)} = {(a,2), (a,3), (b,2), (b,3)}
(AxC)={(a,b) x(3,4)} = {(a,3) (a,4)(b,3)(b,4)}.
(A xB)U(A x C) = {(a,2), (a,3), (a,4), (b,2), (b,3), (b,4)}
(i) Ax(BNC)={(a,b)x(3)} ={(a, 3), (b, 3)}
iv) (AxB) N (AxC)={(a,3), (b, 3)}.
Example-2:
Let R represent the set of all rational numbers and
X={x:xe Rand 4 <x<3.5}
Y={yyeRand 1.5<y<4.37}
(1) Express X U Yand X N Y.
(i1) Draw a rectangular coordinate system and show XY on it.

Solution:
(i) XuY={m:meR and—4< m<4.37}
XY ={m:me Rand 1.5 <m<3.5}
(1) XY ={(xy) :xeX,yeY,4<x<35and 1.5<y<4.37}
The following rectangular of coordinates shows X.Y in set notation.
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Y

< —HHH

So, the ABCD is the required rectangular coordinate system of X.Y.
Example-3:

Let R represent the set of all real number and.

X={x|xe Rand -1 <x<2}

Y ={y|yve Rand 0 <y< 3}

(1) Draw a rectangular coordinate system and show X.Y on it.

(i1) Draw another rectangular coordinate system and show Y.X on it.

Solution:

(1) Element of X set={-1,0, 1}
Element of Y set = {0, 1, 2, 3}
In set notation:

XY ={(-1,0), (-1,1), (-1,2), (-1,3), (0,0), (0,1), (0,2), (0,3), (1,0), (1,1), (1,2), (1,3)}
In expression:
XY ={(x p)|xeX,yeY,—-1 <x<2and 0 < y 3}
The following rectangular of coordinates shows X.Y in set notation.
Y

FHS—x

EN\

< —H+H

.. MNORP is the required Rectangular system of X.Y.
(i1) In set notation:
Y.X = {(0,1), (0,0), (0,1), (1,-1), (1,0), (1,1), (2,-1), (2,0), (2,1), (3,-1), (3,0), (3,1)}
In expression:
Y.X={( ) |xeX,yeY,0 <y <3and-1 <x<2}
The following rectangular coordinate shows Y.X in expression.
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So, ABCD is the required rectangular co-ordinate system of Y.X.

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1.

Define the following with examples:
Product of two sets, Difference of two sets.

Let the universal set, U= {a, b,c,d, e, f, g}, X={a, b, c, d, e}

Y=1{a,c,e,g}andZ={b, e, f, g}

Find() XuZ (i) YNnX, @A) Z~Y,(iv) Y, (V) X' =Y, (vi) YN Z, (vii) (X~ Z)', (viil) Z'"
A, (ixX) (X~Y)', (x) (X nX")".

IfM={1,2,3},N=1{2,3,4},0={1, 3,4} and P = {2, 4, 5}, Prove that (M x N) (O x P) =
MNO)x(NnP)

Let R represents the set of all rational numbers and

X ={x:xe Rand -2 <x<3.5}

Y={y.:yeRand 1.5<y<4.32}

(1) Express X U Y and X N Y.

(i1) Draw rectangular coordinate system and show (a) X.Y, and (b) Y.X on it.

Given A= {1,3,4,7); B=1{3,7,12}; C={1, 5, 8}

Write the following sets:

(1) The set containing all elements that are members of A or members of B or members of
both A & B.

(i) The set of elements that are members of both A and B.

(iii) The set of elements that are members of both B and C.

(iv) The set of elements that are members of A but not members of B.
(v) The set of elements that are members of all three sets.
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Lesson-1: Nature and Basic Laws of Logarithm

After studying this lesson, you should be able to:

» Discuss the nature of logarithm;
» Identify the basic laws of operation of logarithm;
» Explain the characteristics and mantissa of logarithm.

Meaning of a Logarithm

Logarithm is the important tool of modern mathematics. If ¥ = n, then x is said to be the
logarithm of the number '»’ to the base ‘a’. Symbolically it can be expressed as follows: log, n =
x. In this case a* = n is an exponential form and log, n = x is a logarithmic form. The object of

logarithm is to make common calculations less laborious and the method consists in replacing
multiplication by addition and division by subtraction.

Logarithm to the base e’ is called ‘natural logarithm’ and when the base is 10, the logarithm is
called ‘common logarithm’. For example,

6] 53=125 - logs125 = 3, i.e. the logarithm of 125 to the base 5 is equal to 3.
1 1 1
(i) (64)s =2 — log,64 = & » l-e. the logarithm of 64 to the base 2 is equal to ¢ .

Similarly, Exponential form Logarithmic form
23=38 — log,8 =3
102 =100 — log,, 100 = 2
272 = ﬁ — logé =2
30=1 — log,1 =0

or Logarithmic form Exponential form
log,64 =3 — 4 =64
log,R =Q — PQ1= R
log,, 10 =1 — 10=10
logsl =0 — 5'=1

Fundamental Properties and Laws of Logarithms

The fundamental properties and laws of logarithm are as follows:

(1) The logarithm of the production of two factors is equal to the sum of their logarithms; i.e.,
log,mn = log, m + log, n.

(2) The logarithm of quotient is equal to logarithm of the numerator minus the logarithm of the

m
denominator; i.e., log, (—j = log ;m—log,n.
n

(3) The logarithm of any power of a number is equal to the product of the index of the power
and the logarithm of the number; i.e. log, m* = x log, m.

(4) Base changing formula: The formula which tells us how to change from one base to another
log, n

is :log, n =
8 log, b

i.e., (log, n) (log, b) = log, n
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Characteristics and Mantissa of a Logarithm

The logarithm of a number consists of two parts: (i) an integer positive, negative or zero (ii) a
positive or negative proper fraction. The first part is called characteristics and the second part are
termed as mantissa.

Since 10'= 1 Sodog 1 =0
10'=10 clog 10 =1
10°= 100 - log 100 =2
10°= 1000 - log 1000 = 3
10°= 10,000 - log 10,000 = 4
g
Similarly, since ]01= 70 " 0.1, Solog 0.1 =—1
10°= - 00 . l0g 0.01 = -2
—]00—.], o log 0.01 =—
-3
10" = Sp55 = 0.001, - log 0.001 =3
4 1
10" = 35555 = 0.0001, - 1og 0.0001 = —4.

In general, the logarithm of a number containing » digits only in its integral part is {(n —1) + a}
fraction and the logarithm of a number having N zeros just after the decimal point is {~(r+1) + a}
fraction.

Let us take some examples on logarithm.
Example-1:
If log 625 = 4; find the value of x.

Solution:
log, 625 = 4 can be expressed in exponential form as
x¥=625

or, x4 =54
4

or, x = 54=75
Example-2:

4
If log 7 x= — 3’ find the value of x.

Solution:
4

4 _
Expressing log HX= —g in the exponential form, we get (\/27) 3=x

or, x= J?j_g

(

or, x=
or, x=
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Example-3:
If 10 "= 8, find the value of x.

Solution:
Here /0 "= 8 can be expressed in logarithmic form as, log,,8 =x
Therefore, x = log,, 8§ = 0.9030 (by using scientific calculator).

Example-4:
The logarithm of a number is —3.153. Find the characteristics and mantissa.

Solution:

Letlog N =-3.153
=(-3-0.153)=(-3-1+1-0.153)=— 4+ 0.847
.". The characteristics is — 4 and mantissa is 0.847.

Example-5:
Find the logarithm whose logarithm is 2.4678.

Solution:

From the Anti-log Table,

For mantissa 0.467, the number = 2931

For mean difference 8, the number = 5

.. For mantissa 0.4678, the number = (2931 + 5) = 2936.

The characteristics is 2, therefore the number must have 3 digits in the integral part.
Hence, antilog 2.4678 = 293.6

Example-6:
Find the number whose logarithm is — 2.4678.

Solution:
Letlog N =-2.4678=-2-1+1-0.4678 =-3+.5322 =3.5322
From Antilog Table,

For mantissa 0 .532, the number = 3404.

For mean difference 2, the number = 2

.. For mantissa 0.5322, the number = (3404 + 2) = 3406

The characteristic is —3, therefore the number is less than one and there must be two zeros just
after the decimal point.

Hence, antilog —2.4678 = 0.003406.

Example-7:
Find the value of (i) log, 64; (ii) log3é ; (iii) log, 3 (iv) log0.25

Solution:
1
(1) Let log, 64 = x (i1) Let log3§ =X
1
or, 64 = 2% or, g = 3x
or, 206 = 2% or, 9" =3
SLx=6 or, 3_2 =3x

x==2
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(iii) Let log,3 = x (iv)Let log, 0-25 = x

or 3=9% or, 0.25 =8*
or 31=32x or, ﬁ =23x
or 2x=1 or, 4-1 =23x
X =§ or, 2-2 =23x
or, 3x =2

Example-8:

Find the logarithm of the following to the base indicated in brackets.
(i) 27, (3); (ii) 64, (8); (iii) 1000, (10); (iv) 0.25, (2).

Solution:
(1)27=33 (ii) 64 = 82
clogy 27 = 3. s logg 64 = 2.
(iii) 1000 = 103 (iv) 0.25 = 2-2
" log,, 1000 = 3. ~log, 0.25 = -2.
Example-9:

Without using tables, evaluate
41 a1
log ;35 + log,, 70 — log,, 5 + 2 log 5

Solution:
41 2
lo — x 70 x — x 52
g’”(35 41 j
= log,, 100
= log,, 102
=2log,, 10 =2

Example-10:
10 25 81
Simplify 7log7 -2 log2—4 +3 log%
Solution:
10 25 81
7log7 -2 logz +3 log@
=7 [log 10 —log 9] — 2[log 25 — log 24] + 3 [log 81 — log §0]
= 7[(log 5 + log 2) — log 32] — 2[log 52 — (log 3 + log 23)] + 3[log 3% — (log5 + log2%)]
=7log5+7log2—14log3—4log5+2log3+6log2+i2log3—-3log5—12Ilog?2
=(7-4-3)log5+(2—-14+12)log3 +(7+6-12)log?2

= log?2.
Example-11:

) 75 5 32 . .
Find the value of Zogﬁ —2log 9t logm , when 10 is the base of each logarithm.
Solution:

75 5 32

log% —2log 9 log%
= [log,, 75 - log,, 16] — 2[log,, 5 — log,, 9] + [log,, 32 — log,,243]
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= [(log,, 52 + log,, 3) —log,, 4] - 2[log,, 5 — log,, 32]+ [(log,, 42+ log,,2) —log,, 3]
=2log,,5 + log,,3—-2log,,4—2log,,5 +4log,,3 + 2log,,4 + log,,2—-5 log,, 3

= log,, 2.

Example-12:

Prove that,

3 4 5 6 7 8
(log —?.(log §).(log Z).(log E).(Zog g).(log 7) =3
Solution:

LS = log3 xlogd xlog5 x log6 x log7 x log8

log2 x log3 x log4 x log5 x log6 x log7
_log8 log 2° _3log2
- log 2 - log 2 - log 2
Therefore, L.H.S = R.H.S. (Proved).

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1.  Define logarithm. Is there any distinction between natural and common logarithm?
2. What are the fundamental rules of logarithmic operations?

3. Find the value of log,,20 + log,, 30 f% log,, 36
4

If log,,2 = 0.3010 and log,,3 = 0.4717;
find(i) log,,25, and (ii) log,,4.5

1
5. If logﬁ x= 35 ; find the value of x.

31
6. Evaluate logﬁ + log 49 —log 62 + log 27 — log,,87

1
a*h?
2
c

7. Ifloga=0.589; logb=2.856 and log ¢ = 1.963; find the value of log

1
8. Find the value of 3 log,, 125 -2 log,)4 + log ,32.
48
9. Iflog3=04771;log2=10.3010 and log 7 = 0.8451, find the value of loga

10. If log,,/98+/x> —=12x+36 ] = 2, find the value of x.

16 25 81
11. Show that log 2 + 16logﬁ + 12 logz + 7log@ =1.
12. Solve log,, (7x — 9)3+ log,, (3x —4)3 = 3.

10 25 81
13. Prove that 1110g7 f3logz +5log@ =log 3
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Lesson-2: Natural Logarithm and Antilogarithm

After studying this lesson, you should be able to

» Explain the natural logarithm;
» Explain antilogarithm;
» Apply the principles of logarithm to solve the mathematical problems.

Nature of Natural Logarithm

Logarithms to the base ‘e’ are known as natural logarithms. The value of ‘e’ may be calculated
from the ‘e’ series, where

1l 1.1
e=1+1!+2!+3! .............. 0
[Here ! is factorial, where n! = n(n-1) (n-2) ........... 0']

Hence4!=4x3x2x1x0!(since 0! =1)
Again, 6! =6x5x4x3x2x1x0!
=6 x5!
From ‘e’ series, the value of e’ is 2.71828.
Let, e* =N
or, log, N =x
When the base of logarithm is ‘e’, it may be expressed is In;
ie., log, N=InN.

) logeN
Again, log,,N = m (through change of base)

p N_InN
O 08 N = 1n10

SAnN=logN xIn 10

Again, In 10 = 10810 _ 1
loge loge
S. InN=log N x
loge

or,log N=1InN xloge

Using scientific calculator we can easily find the value of ‘e’ based number:

For example, /log,5=1.6094
log,0.5 =-0.6931
log,10=2.3025
loge=Ine=1.

Let us take same examples.

Example-1:

Find the value of n, if (1.08)"= 3.

Solution:

Given, (1.08)"= 3

or, In(1.08)" =1In 3

or, nln (1.08) =1In 3

In3 1.0986

n= = = 14.27 (App.
In(1.08)  0.07696 (App.)
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Example-2:
Find the value of i, if (1+i)2= 2
Solution:
Here (1+i)12=2
or, In (1+i)12 =In 2
or, 12In(1+i)=1In2
or, In (1+1) = In2_ 06931
12 12
or, (1+i) = e0-0577=1 0594
or, i =1.0594—-1=0.0594
~.1=0.0594
Anti-logarithm
Let log N = x, then N is called the anti-logarithm of x to the base a and is written in short as
antilog, x.
If log N = x, then N = antilog x
For example, if log 1000 = 3, then antilog 3 = 1000
If log 708 = 2.8500, then antilog 2.8500 = 708.
Example-3:
Find the number whose logarithm is 1.7238
Solution:
Let the number is x
Therefore, log x = 1.7238
or, x = antilog 1.7238
. x=52.9420 (by using calculator).
Example-4:
Find the value of (5§39.45 x 49.638)
Solution:
Let x =539.45 x 49.638
log x = log (539.45 x49.638)
=log 539.45 + log 49.638
=2.3195+ 1.6981
or, log x =4.4276
..x = Antilog 4.4276 = 26,776.88
Example-5:
Solve the equation 3* . 72x+1 = [jx+3
Solution:
Taking logarithm of both sides, we have
xlog 3+ (2x+1) log 7 = (x+5) log 11
or, xlog3+2xlog7+log7=xlogll+5logll
or, xlog3 +2xlog7— xlogll =5log11—-log7
or, x (log3 + 2log7 —log 11) =5 log 11 —log7

=0.0577

_ Slogll-log7  _ 5.2070-0.8451
log3+2log7—logll 0.4771+1.6902-1.0414
4.3619

= 771259 3.87 (App.)
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Example-6:
(435). (0.056)%
(380)*

Find the value of

Solution:

1
(435).(0.056)2
(380)*
Taking logarithm of both sides, we have
1

logx = 3 log 435 +3 log 0.056 — 4 log 380

1
or, logx =3x2.6385 + 7 % (~1.2518) — 4 x2.5798

or, logx =7.9155-0.6259 —10.3192

or, logx =—3.0296

Hence, x = antilog (- 3.0296) = 0.0009341.
Example-7:

Find the 7" root of 0.00001427

Solution:

Let x =0.00001427

Taking logarithm of both sides, we have

1
logx = 7 log (0.00001427)

Letx=

or, logx = %(— 4.8456)

or, logx =—0.6922
or, x = antilog (— 0.6922) = 0.2031 (App.)

Questions for Review

These questions are designed to help you assess how far you have understood and can apply the

learning you have accomplished by answering (in written form) the following questions:

1. Find the value of (431.96)26-

Find the value of 6\/5896.31 .

Find the value of logn\[6 + logn[2/3 — log 10.
Find the value of logz\/3_/2 + logz\/5_/3 — logz\/}
Find the value of x; if log x + log,x = 6.

Evaluate 1002.76
12x82

Solve 10°77.32°=5" "7
Solve for x, if log_ (8x — 3) —log 4 = 2.
61.42x10.70

401.53

wok W

o

by using logarithm.

® N

9. Evaluate
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Lesson-1: Interest

After studying this lesson, you should be able to

> State the nature of interest;
» Calculate the simple interest;
» Calculate the compound interest in various situations.

Nature of Interest
When x borrows money from y, then x has to pay certain amount to y for the use of the money.
The amount paid by x is called interest. The amount borrowed by x from y is called principal. The
sum of the interest and principal is usually called the total amount. When interest is payable on
the principal only, it is termed as simple interest. On the other hand, when interest is calculated on
the amount of the previous year or period, then it is called compound interest.
Calculation of Simple Interest
Let P= Principal i.e., the initial sum of money invested.

I = Interest per unit money/ per unit time.

X = Period i.e., unit of time for which the interest is calculated.

A = Amount i.e., principal plus interest accrued.

The interest on 1 unit of money for 1 unit of time =1
The interest on 1 unit of money for ‘n’ unit of time =ni
The interest on P unit of money for ‘n’ unit of time = Pni

Hence A=P + Pni =P (1+ni)
The simple interest obtained on principal (P) after n years will be
=A-P
=P (1+ni)— P=(P + Pni — P) = Pni
For example, the rate of simple interest is 10% per annum means that the interest payable on
Tk.100 for one year is Tk.10, i.e., at the end of one year, total amount will be Tk.110, at the end
of second year, it will be Tk.120 and so on.
Example-1:
Mr. Rahim has invested Tk.30,000 for 5 years at 10% rate of interest. What will be the simple
interest and amount after 5 years?
Solution:
We know that the simple interest on principal (P) for ‘n’ year at a rate ‘i’ = Pni
Here P=30,000, N=5, i= 10%=0.10
Substituting the given values we have,
Simple Interest = 30,000 x 5 x 0.10

= Tk.15,000
Hence the required simple interest of 5 years is Tk.15,000
Amount after 5 years at simple interest, A =P (1+ni)

=30,000 (1 +5 x0.10)

=30,000 (1.50)

=Tk.45,000
Calculation of Compound Interest
If i be the rate of interest per unit per period, a principal 1 accumulates at compound interest in
the following manner. At the end of every period, the interest earned is added to the principal to
become the principal earning interest for the next period, For example

Amount
Principal (P) 1 1
Interest for the first period i
Principal for the 2™ period (i+i) (1+i)
Interest for the 2™ period i(1+i)
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Principal for the 3" period (1+i) (1+i) = (1+)?

Interest for the 3™ period i (1+i)?
Principal for the 4" period (1+i)* (1+i) = (1+)°}
And so on.

Hence the amount at the end of n period = (1+1)"
Thus the amount (A) of Principal (P) at the end of # periods is,
A=P(1+)"
The fundamental formula of compound interest, namely A = P (1+i)" is easily adopted to
logarithmic calculation, where
log A =1log P +nlog (1+i)
Now, the compound interest = A-P
=P (1+H)-P
=P [(1+)"-1]
Let P = Principal, 4 = the total amount, ¢ = total interest, i = annual rate of interest, » = number of
period; then the compound interest can be computed by suing the following formula, which may
be changed on the basis of the number of compounding time.

Compounding Total amount I = Total amount (A) —
Time Principal amount (P)
i i
Weekl A=P (1 + —)™ I[=P[(1+—)"-1
y ( = ) [( % )y -1]
i i
Monthl A=P(1+ —) I=P[(1+ —)""-1
y ( B ) [( B ) ]
Compounding Total amount I = Total amount (A) —
Time Principal amount (P)
Quarterly A=P(1+i)4n I=P[(1+ 3)4'1-1]
Half yearly A=P(1+ é)Zn I=P[(1+ é)zn—l]
Annually A=P (1 +1)" I=P[(1 +1)"-1]

If the interest is i per unit per annum, nominal convertible ’ times a year; i/m is converted into
the principal at the end of every such compounding time; and 1 will accumulate to (1+i/m)™ in a
year. The difference [(1+i/m)™ —1] a year on a principal 1 is known as the effective rate of interest
per annum.
A Principal m accumulates to 4 = (1+i/m)™™ in n year at the above rate.
Example-2:
Mr. Rahim has invested Tk.30,000 for 4 years at 12% rate of interest.
1. What will be the compound interest and amount after 4 years if it is compounding (a) Yearly;
or (b) Monthly?
2. Find the number of years in which the sum will double itself at annual compound interest.
3. What should be the annual compound interest rate to make the amount Tk.60,000 after 4
years?
Solution:
We are given, P = 30,000, n =4 and i =0.12
(1)
(a) In the case of Yearly Compounding:
Compound interest after 4 years = P [(1+i)" -1]
=30,000 [(1+0.12)*-1]
=30,000 [(1.12)*- 1]
=30,000 x 0.5735 = Tk.17,205
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Amount after 4 years, A = P (1+i)*

=30,000 (1 +0.12)*

=30,000 x 1.5735

=Tk.47, 205
(b) In the case of Monthly Compounding: [then m = 12]
Compound interest after 4 years = P [(1+"/,,)"" -1]

12x4
A2
=30,000 [(1 + (1+01—2j 1]

~30,000[1.6122 - 1]
=30,000 x 0.6122 = Tk.18, 366
Amount after 4 years, A = P (1+7,,)""

12x4
=30,000 (1 +E
12

=30,000 (1.01)*
=30,000 x 1.6122
=Tk.48, 366
2. Let the sum will be Tk.(30,000 x 2) = Tk.60, 000 is n years.
So, P =30,000, 4 = 60,000, i =.12 and n =?
Now, 4 = P (1+i)"
Or, 60,000 = 30,000 (1 +0.12)"
Or, (1.12)" = 60,000/30,000
Or, (1.12)"=2
Taking logarithm both sides, we have
or, n logl.12 =log2
= log2 _ 0.3010
logl.12  0.0492

Hence it will take 6.12 years for Tk.30, 000 to be doubled to Tk.60,000.
3. We have, P =130,000; 4 = 60,000, » =4 and i =?

Now 4 =P (I+i)"

or, 60,000 = 30,000(1+i)*

or, (1+i)* = 60,000/30,000

or, (1+i)*=2
Taking logarithm both sides, we have

or, 4log(1+i) =log2

. log2 0.3010

or, log(1+7) 4 1

or, log(1+i) = 0.0753

or, (1+7) = antilog 0.0753

or, (1+i) = 1.1893

or,7=(1.1893 —1)=0.1893 or 18.93%
Hence the rate of interest should be 18.93% to make the amount Tk.60,000 after 4 years.
Calculation of compound interest with growing investment (withdrawals)
Let Ainvested at the beginning of the first year and an additional sum B be added to the
investment in each subsequent year. No withdrawals are to be made and whose sum invested is to
be allowed to accumulate at a compound rate.
Hence A = (4p+B/i) (1+i)" — B/i
Here, A = the sum of amount

i = the rate of interest

=6.12 years.
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Ap = invested at the beginning of the year.
B = additional sum to be added / (withdrawn) in investment.
n = number of periods.
Therefore compound interest = Total Amount (A) — Principal Amount.
Let us illustrate it by the following examples.
Example - 3:
Tk.10,000 is invested at the beginning of 1999. It remains invested and, on 1% January in each
subsequent year, another Tk.500 is added to it. What sum will be available on 1% January 2005 if
interest is compounded each year at the rate of 5% per annum?
Solution:
We know that, 4 = (Ap+B/i) (1+i)"— B/i
Here, 49p=10,000, B=500,i=.05,n=06
Substituting the values we have,
A = (10,000 + 500/0.05) (1+.05)¢ -500/0.05
= (10,000 + 10,000) (1.05)° — 10,000
=20,000 x 1.3401 — 10,000
=26,802 — 10,000 = Tk.16, 802
Therefore, the sum of amount on 1% January 2005 is Tk.16, 802.
Example—4:
A man invests Tk.10,000 once at how and withdraws Tk.1500 at the end of each year starting at
the end of the first year. How much will have left after seven years if the money is invested at 4%
per annum?
Solution:
We know that, A = (Ao+ B/i) (1+i)" — B/i
Here, A9=10,000, n=7,i=0.04, B=-1,500
Substituting the values we have
A = {10,000 + (-1500)/0.04} (1+ 0.04)” — (-1500/0.04
= (10,000 — 37,500) (1.04)” + 37,500
=(-27,500) (1.3159) + 37,500
=-36187.25+ 37,500
=Tk.1, 312.75
Drawing at this rate he will only have Tk.1, 312.75 at the end of seven years.

Questions For Review:

These questions are designed to help you assess how far you have understood and can apply the

learning you have accomplished by answering (in written form) the following questions:

1. Define the following: Simple interest, Compound interest, Effective rate of interest.

2. Compare between simple interest and compound interest.

3. Mr. Asif has invested Tk.1,00,000 for 5 years at 10% rate of interest.
a. What will be the simple interest and amount after 5 years?
b. What will be the compound interest and amount after 5 years if interest is paid
(1) Monthly, or (i1) Quarterly?
¢. What should be annual compound interest rate to make the amount Tk.2,00,000 after 5
years?

4. At what rate of interest an amount of investment will be thrice as much as at the end of 6
years?

5. How many years will it take at 12% interest compounding annually for Tk.6000 to grow to
Tk.11, 000?

6. Tk.50,000 invested at the beginning of 1997. It remains invested and, on 1% January of each
subsequent year, another Tk.5000 is added to it. What sum will be available on 1% January
2005 if interest is compounded yearly @ 10% per annum?
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Lesson-2: Depreciation

After studying this lesson, you should be able to:

» Explain the nature of depreciation and depreciated value;
» Calculate the amount of depreciation under the different methods of depreciation.

Nature of Depreciation

In case of depreciation, the principal value is diminished every year by some amount, and in the
subsequent period the diminished value becomes the principal value. In case of uniform decrease
or depreciation, ‘i’ is to be substituted by ‘—i’ in the formula of future value. In that case
depreciated value and accumulated depreciation is calculated by using the following formula:
Depreciated value = P (1-i)"[Under reducing balance method]
Accumulated depreciation = P [1- (1+i)"]
Where, P = Cost price of the asset

i = Rate of depreciation
n = Number of periods the asset has been depreciated.
For calculation of depreciated value and accumulated depreciation the following examples are
highlighted here.

Example-1:
A machine has been purchased in 1999 at a cost of Tk.3,00,000. The machine is depreciated
@8% per annum on reducing balance method. Compute-
i.  What would be the depreciated value of the machine at the end of 2005?
ii. What amount should be charged as depreciation of the machine for 20067
iii. Would it be profitable to sale the machine for Tk.1,20,000 at the end of 2007?
iv.  When the depreciated value of the machine will be Tk.1,02,550?
Solution:
We are given, P = 3,00,000, i =0.08
i.  The machine has been purchased in 1999. At the end of 2005, it will be 7 years’ old. Hence,
the depreciated value of the machine at the end of 2005 would be,
=P (1-i)"
=3,00,000 ( 1- 0.08 )" =(3,00,000 x 0.5578) = Tk.1,67,340.
ii. The depreciated value of the machine at the end of 2006, would be,
=P (1-Q)"
=3,00,000 (1 — 0.08)8
=(3,00,000 x 0.5132) = Tk.1,53,960
Therefore depreciation for 2006 would be:
(1,67,340 — 1,53,960) = Tk.1,41,630
iii. The depreciated value of the machine at the end of 2007 would be,
=P (1-)"
=3,00,000 (1 —0.08)°
=3,00,000 x 0.4721 = Tk.1,41,630
Hence, it would not be profitable to sale the machine for Tk.1,20,000 at the end of 2007.
iv.  Let after n years the depreciated value of the machine would be Tk.1,02,550.
Now 3,00,000 (1 —0.08)"=1,02,550
or, (0.92)" = 1,02,000/3,00,000 = 0.3418
Taking logarithm both sides we have
or, n log 0.92 =log 0.3418
_ log0.3418 _ -0.4662
So, n= =

log 0.92 -0.0362

= 12.88 years.
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Therefore, after 12.88 years the depreciated value of the machine would be Tk.1,02,550.
Different Methods for Calculation of Depreciation

The depreciation calculations have a significant impact on cash flows after taxes (CFAT). It is
because a firm can legitimately deduct depreciation from its gross income to arrive at it’s before
tax income. Different methods of depreciation affect tax liability, and hence the cash flows
differently. Generally, there are three methods of depreciation calculations which are discussed as

under.

0y

2

(©))

Straight Line Method: Under this method, depreciation charges are allocated equally
over the asset’s economic life. The amount of annual depreciation charge is given by the
formula:

Amount of Annual Depreciation = (Original cost — Salvage Value) +Economic life of an
asset.

Sum-of-the-year’s-Digits Method: In this method, the depreciation base in each year is
the same as in the straight-line method - original cost less salvage value. However,
depreciation factor changes in each year. The depreciation factor for any year is the
number of useful years remaining in the life of the project taken from the beginning of the
year divided by the sum of a series of numbers representing the years of service life. The
depreciation factor of multiplier is calculated by the following formula:

(n+1)

Multiplier = nT where n = Economic life of asset.

Double Declining Balance Method: It is more popularly known as the twice straight line
depreciation method. Under this method, the amount of depreciation to be charged is twice
the straight line rate. For example, a machine which has been purchased for Tk.2,20,000
has a salvage value of Tk.20,000 and economic life of 5 years. The straight line
depreciation would be Tk.40,000 per year and, therefore, annual depreciation will be

40,000
220000 - 20000

double declining balance method. This 40% depreciation rate would be applied to the book
value of the asset each year until book value equals salvage value (Tk.20,000). Here,

Book value :l
x 2

j = 20% of the depreciable value. Then the rate would be 40% under the

annual depreciation = | ———
Economic life

Let us take an example to illustrate the depreciation calculations under different methods
of depreciation.

Example-2:

A firm purchased a machine for Tk.4,00,000. Its useful life was 5 years and salvage value of
Tk.10,000. Calculate the amount of depreciation under different methods of depreciation.

(1) Straight Line Depreciation Method

Depreciation Annual = (4,00,000-10,000)/5 = 3,90,000/5 = 78,000 (From 1* year to 5" Year)

(2) Sum-of-the-Years Digit Depreciation Method.

nn+1) _ 5(5+1)

Depreciation factor/Multiplier (S) = 5 =5x%x3=15
YearMultiplierDepreciation (in Tk.)
1 5/15 (/15 x 3,90,000) = 1,30,000
2 4/15 (*/15 x 3,90,000) = 1,04,000
3 3/15 (*/1s % 3,90,000) = 78,000
4 2/15 (*/15 *x 3,90,000) = 52,000
5 1/15 (/15 x 3,90,000) = 26,000
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(3) Double Declining (reducing) Balance Depreciation Method.
YearTotallnvestmentDepreciation (in Tk.)Year-end Book value

1 3,90,000 (3,90,000/5) x 2 =1,56,000 2,34,000
2 2,34,000 (2,34,000/5) x 2=93,600 1,40,400
3 1,40,400 (1,40,400/5) x 2= 56160 84240
YearTotallnvestmentDepreciation (in Tk.)Year-end Book value

4 84,240 (84,240/5) x 2 =33,696 50,544
5 50,544 =50544 00

Example-3:

A machine depreciates @ 10% of its value at the beginning of the year. The machine was
purchased for Tk.5,810 and the scrap value realized when sold was Tk.2,250. Find out the

number of years during which the machine was in use.
Solution:
We know, 4 = P (1-i)"
Here 4 =2,250, P=5,810,i=0.10, n =?
Substituting the given value we have

2,250 =5,810 (1-)"

or, (1-0.10)"= 22350

5810

or, (0.90)" = 0.38726
Taking logarithm both sides we get

nlog 0.90 =log 0.38726

or, n(—0.04576) = — 0.412

-0.412

~0.04576
Questions for review

or n=

1. A machine has been purchased in 1995 at a cost of Tk.1,00,000. The machine is depreciated

@12% p.a. on reducing balance method.

A. What would be depreciated value of the machine at the end of 2005?

B. What amount should be charged as depreciation of the machine for 2001?

C. Would it be profitable to sale the machine for Tk.5,00,000 at the end of 2002?
D. When the depreciated value of the machine will be Tk.4,20,550?

2. The value of a machine depreciates @ 10% p.a. If its present value is Tk.81000, what will be

its worth after 2 years? What was the value of the machine 2 years ago?

3. A machine depreciates @ 12% p.a of its value at the beginning of a year. The machine was
purchased for Tk.58,100 and the scrape value released when sold was Tk.10,000 Find out the

number of years during which the machine was in use?
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Lesson-3: Annuity

After studying this lesson, you should be able to:

» Explain the different types of annuities;
» Calculate annuity by yourself.

Nature of Annuity

A series of uniform payments is called an annuity. In other words, an annuity is a series of
payments of a fixed amount at regular intervals generally. The interval is a year, but it may be six
months, or a quarter or a month.

Annuities can be divided into two classes — (1) Annuity certain and (2) Annuity contingent. In
annuity certain, the payments are to be made unconditionally, for a certain or fixed number of
years. In annuity contingent, the payments are to be made till the happening of some contingent
even such as the death of a person, the marriage of a girl, the education of a child reaching a
specified age. Life annuity is an example of annuity contingent.

Annuity certain can be divided into :(i) annuity due; and (ii) immediate annuity. When the
payment of an annuity is at the beginning of each period, it is said to be an annuity due. When the
payment is at the end of each period, the annuity is termed as immediate annuity.

The Present Value of an Annuity

The present value of an annuity is the sum of the present values of its installments. In calculating
the present value of an annuity it is always customary to reckon compound interest.

Let 4 be the annuity, V' is the present value, i is the rate of interest per year and n the number of
years to continue, and then the present value of an immediate annuity is calculated by the
following formula:

A 1
V=—|1-

Loa+n”
On the other hand the present value of an annuity due is calculated by the following formula:
V= ﬁf(l +i)1-

! 1+i)"

or, V=A/i (1+)[1 - 1/(1+i)™" ]
Let us illustrate it by two examples.

Example-1:
An investment will yield Tk.10,000 per annum for 8 years. If finance can be obtained at 7% per
annum and the investment costs Tk.50,000, is it worth undertaking?

Solution:
We know that the present value of the immediate annuity would be
V=A/A[1-1/(1+)" ]
Here A =Tk.10,000
i=0.07
n=_8
Substituting the given values we have
V =10,000/0.07 [1-1/(1+0.07)8]
=10,000/0.07 [1-1(1.07)%]
=1,42,857 [1-1/1.7182]
=1,42,857 [1- 0.5820]
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=1,42,857 x 0.4180

=Tk.59,714.23 (App)
Since the investment’s actual cost is Tk.50,000 and the present value of the annuity is
Tk.59,714.23; the investment should be made.
Example-2:
Mr. Karim can purchase a machine by paying Tk.40,000 in cash at now. He can also purchase the
machine by 8 equals’ yearly installments to be paid at the beginning of each year. If the interest
rate is 12%, what should be amount of each installment?

Solution

Let A4 be the annual installment. Then Tk.40,000 is the present value of this annuity due. We are
given,

V'=40,000,n=28,i=0.12 and 4 =?

Using the formula

b A(1‘+i) ]
! (1+0)"

Or, 40,000 = A(1+0.12) . 1
0.12 (1+0.12)°
Or, 40,000 = A 12| [1-_1
0.12 2.4760

Or, 40,000 = A (9.3333) (1-0.4039)
Or, 40,000 = A (9.3333) (0.5961)
Or, 40,000 = A (5.5636)

Or, A = (00 5¢16) = 7189.59

Hence the amount of each investment should be Tk.7189.59

Amount of an Annuity

Let 4 be the annuity, i the rate of interest per year, n the total time period of an annuity and M the
future amount of annuity after n years, then the total amount of an immediate annuity is
calculated by the following formula:

M= Afusay ]
i
On the other hand, the total amount of an annuity due is calculated by the following formula:

M= —A(ll_+ i)[(1+ i) 1]

In the repayment of a loan, it is sometimes arranged that the repayment is to be made in equal
periodical installments, including repayment of principal and interest. The difference between
amount of installment and interest is termed as amortization.

The following section of this lesson contains some model applications of amount of an annuity.

Example-3:

A machine costs the company Tk.98,000 and its effective life is estimated to be 12 years. If the
scrap realizes Tk.3,000 only, what amount should be retained out of profits at the end of each
year to accumulate at compound interest at 5% per annum?

Solution:

Let A be the annual installment. Evidently the amount of the annuity A4 to continue for 12 years,
i.e. the balance amount to be retained = (98,000 - 3,000) = 95,000
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We know that M = A/i [(1+i)" -1]
Here, M =95,000;i=0.05; n =12 and A="?
Now putting the values we get,

95,000 = A/0.05 [(1+0.05)"2 -1]
Or, 95,000 = A/0.05 [(1.05)'2 -1]
Or, 95,000 = A/0.05 [1.7959 - 1]
Or, 95000 0.05 = A (0.7959)

Or, 4= 4750 =5968.09
0.7959

So, Tk.5968.83 should be retained out of profits at the end of each year.

Example-4:

Mr. Zahad wants to purchase a machine after 10 years when it will cost Tk.6,00,000. From now,
he wants to save money for the machine and plans to deposit money into bank in 10 equal
installments, the first deposit is to be made immediately. Calculate the amount of each installment
reckoning compound interest at 10% p.a.

Solution:

Here the deposit pattern is an annuity due. We are given,

M=6,00,000;i=0.10;n=10and 4 =?

Now using the formula

M = A/i (1) [(1+)" -1]

or, 6,00,000 = A/0.10(1+0.10) [(1+0.10)° -1]
or, 6,00,000 = A/0.10(1.10) [(1.10)!-1]

or, 6,00,000 = A(11) (2.5937-1)

or, 6,00,000 = A(11) (1.5937)

or, 6,00,000 = 17.5307

or, A= 600000 _ 34225.67

17.5307

Hence Mr. Zahad has to deposit Tk.34,225.67 in each installment at the beginning of each year.

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written from) the following questions:

1.

Define the following with example:

Annuity, Annuity certain, Annuity due, Contingent annuity, Immediate annuity and
Amortization.

Mr. Karim buys a house worth Tk.3,50,000. The contract is that Karim will pay Tk.1,00,000
immediately and the balance in 15 annual equal installments with 10% per annum compound
interest. How much he has to pay annually?

A man wishes to have Tk.1,50,000 available in a bank account when his daughter’s first year
college expenses begin. How much must he deposit now at 12% compounded annually if the
girl is to start in college five years from now?

A man retires at the age of 55 years from active service and his employer gives him pension
of Tk.1,500 a year paid in half yearly installments for the rest of his life. Assuming his
expectation of remaining life to be 15 years and that interest is 12% p.a. payable half yearly?
What single sum is equivalent to his pension?

Hena borrowed Tk.10,000 to buy a refrigerator. She will amortize the loan by monthly
payment of Tk.R each over a period of 3 years. Find the monthly payment if interest is 12%
compounding monthly. Also find the total amount Hena will pay.
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Lesson 1: Equation and Identity

After studying this lesson, you should be able to:

» Explain the nature and characteristics of equations;
» Explain the nature and characteristics of identities;
» Solve the equations;

» Solve the inequalities.

Introduction
Many applications of mathematics involve solving equation. In this lesson we will discuss the
equation, identities and uses of equations.

Equation
An equation is a statement which says that two quantities are equal to each other. An equation
consists of two expressions with a ‘= sign between them. In other words, if two sides of an

equality are equal only for particular value of the unknown quantity or quantities involved, then
the equality is called an equation.

For example, 4x = 8 is true only for x = 2. Hence, it is an equation.

An equation which does not contain any variable is either a true statement, suchas 2 +3 =5, ora
false statement, such as 3 + 5 = 12. If an equation contains a variable, the solution set of the
equation is the set of those values for the variable which gives a true statement when substituted
into the equation.

For example, the solution set of y> = 4 is (-2, 2), because (-2)> = 4, and 2> = 4, but y*= 4 if y is
any number other than -2 or 2.
Identities

The equations signify relation between two algebraic expressions symbolized by the sign of
equality. If two sides of an equality are equal for all values of the unknown quantity or quantities
involved, then the equality is called an identity.

For example, x> — y* = (x +y) (X — y) is an identity.
We can prove that identities hold true for whatever are values of the variables substituted in these.
It we use x = 2 and y = 3 in the above identity, we have (2)*> - (3)> (2 +3) (2 - 3)
or,4-9(5 (-1
or,-5=-5
Again, by substituting the values of x =—4 and y = — 6, we have
(-4)* = (-6)* = (-4-6) (-4 + 6)
or, 16 —-36 =(-10) (2)
or, —20=-20
Hence, identities hold true for whatever value is put for variables.
Derived Identities

Derived identities are the identities derived by transposing the values in the basic identities and
are very useful in tackling some problems in mathematics. For example,

(1) Identity » (X +y)*=x*+2Xy +y> e (1)
Derived Identities x> + y* = (x + y)* — 2xy
and 2xy = (x +y)* - (X* + y?)
(2) Identity = (X —y)’=X*=2Xy = ¥* e (ii)
Derived Identities x> + y*> = (x — y)? + 2xy
and 2xy = x>+ y? — (x —y)?
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By adding (i) and (ii)

KTYP+HFE-YP=2(C+YD) s (iii)
By substituting (ii) from (i), we get
XTY)P—(X=Y)P=4XY e (iv)

By dividing both (i) and (ii) by 4 and then subtracting (ii) from (i), we have [(x + y)?/ 4] — [(x —
y)’]
The following section of this lesson contains some model applications of equations.

Example-1:

«/1+x 1-x l
M+ x ++4/1-x 3

Solution:

Vitx—41-x 1

Jex+i-x 3

By cross multiplying, we have
Wirx-3ix = Jirxediox
or, 3Wl+x —3/l+x = JI-x+4/1—
or,241+x = 4/1-x

Solve,

Squaring both sides, we have,
41+x)=16(1-x)

or,4 +4x=16—-16x
Transposing the term 16x and 4
4x +16x=16—-4

or, 20x =12

3
or,x ==
5

Therefore, x = % is the solution of the given equation.

Example - 2:
The sum of two numbers is 45 and their ratio is 7:8. Find the numbers.
Solution:

Let, one of the numbers be x
The other number is (45 —x)

Using the given information, we get, 45x =
- X

o |

By cross multiplication, we get
8x=7(45—-x)

or, 8x=315-7x

Transposing the term —7x, we have

8x +7x =315
or, 15x =315
or, x=£ =21
15
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Hence, the one number is 21 and the other number is (45 — 21) = 24.
Example - 3:
The ages of a mother and a daughter are 31 and 7 years respectively. In how many years will the

mother’s age be % times that of the daughter?

Solution:

Let the required number of years be x.
Mother’s age after x years = 31 + x
Daughter’s age after x years =7 +x
Using the given information, we get

31+X=%(7+X)

_ 21+ 3x

or, 31 +x

By cross multiplication, we have
2(31+x)=21+3x

or, 62 +2x=21+3x

Transposing the terms 3x and 62
2x —3x=21-62

or, —x=—41

or, x=41

Hence, in 41 years, the mother’s age will be % times age of the daughter’s.

Questions For Review:

These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1. What is an equation and inequalities? Mention the characteristics of equation.
2. What is the difference between identity and equation? Give examples.
3. Solve the following equations:

() x (x+ 1)+ 72/ x (x+1)= 18

(i) x> —6x+9=4 Vx> —6x+6

X x+6 25
(i) ,——+ =—
x+6 X 12

4.  Wasifa’s mother is four times as old as Wasifa. After five years, her mother will be three
times as old as she will be then, what are their present ages?

5. A steamer goes downstream and covers the distance between two parties in 4 hours while it
covers the same distance upstream in 5 hours. If the speed of the stream is 21 cm/per hour,
find the speed of the steamer in still water.

6.  Three prizes are to be distributed in a quiz contest. The value of the 2™ prize is five-sixths
the value of the first prize and the value of the third prize is four fifths that of the second
prize. If the total value of the three prizes is Tk.15,000, find the value of each prize.
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Lesson-2: Inequality

After studying this lesson, you should be able to:

» Describe the nature of inequalities;
» Explain the properties of inequality;
» Solve the inequalities.

Nature of Inequality

Relationship of two expressions with an inequality sign (<or >, < or >) between them is called
inequality. For example,

X >y — “Xx is greater than y”

X <y — “x is smaller than y”

x by — “x is not greater than y”
XTy—> “x is not smaller than y”

x<y — “x is smaller than or equal to y”
x>y — “X is greater than or equal to y”

Properties of Inequalities
The fundamental properties of inequalities are as follows:

(a) Order Axioms:If x and b are only elements, then
(i) One and only one of the following is true:
x=bx<yandx>y
(i) Ifx <yandy <z theny <c
(ii1) If x < y and x < z, then xz<yz
Since, x > y’ and ‘y < x’ are the same statements, the above axioms can be replaced in
terms of x >y’
As shown earlier sometimes equality signs are combined with inequality signs x < y means
x=yorx <y.
Aghin x < y means x is not less than y and that means either x > y.
$o, x <y means y <x.
We also say that x is positive when x > 0 and x is negative, when x < 0.
(b) Operation Axioms:
(1) All equals may be add or subtracted from both sides of inequalities and the inequality is
preserved.
For example, if 5x — 9 <12
We may add 5 to both sides and we get
5x—9+5<12+5
or, 5x —4<17
Any term in an inequality can be moved from one side to the other provided that its sign is
changed. For example, if 5x —4 < 17.
or, 5x<17+4
And, againifx —z>y
or, Xx>y+z
(i1)) Both sides of an inequality may be multiplied or divided by a positive number and the
inequality is preserved. For example, if 12x < 36.
After Multiplying the both sides of inequality by 5, we get
12x x 5<36 x5
or, 60x <180
Again, after dividing both sides of inequality by 3, we get
12x +3<36+3
or, 4x<12
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(ii1)) Both sides on an inequality are multiplied or divided by a negative number and the
direction of the inequality is reversed. For example, if 7x <40, (where x = 4).
By multiplying both sides of the inequality by —5, we have
7x x (=5) > 40 x (-5) [Note that inequality sign has been changed from <to>]
or, —35x >-200
This is because when x = 4, the inequality —35x = —140 is greater than —200.
(iv) An inequality can by converted into an equation:
Ifx>ythenx=y +p
Where p is the positive real number (i.e. p > 0)
If z > m, then we writez = m + g, where g > 0
Hence,x,z = (y + p) (m +q) =ym + yq + pm + pq
Now p and ¢ are positive. If in addition y and m are positive, then every term on the right-
hand side is also positive so that

X.z>y.m
v) IfX>2 thenZ<”
z m Xy
(vi) Ifx <y, then—x>—y
(vil) Now if x;> y;, x2> y2, X35> y3 ----------- Xn>Yn,
thenx; + x; + x3 + ——--------- x> Y1 +y2 Y3zt eeeeeeee- +Vu
andx;. x2. X3 --------- Xn> V1. V2. Y3 ========== Vn

(viii) If x >y and n > 0 then x">)" and Ln <
X y

The following section of this lesson contains some applications of inequality.
Example-1:
Solve: 3[4x —5(2x—-3)]<7-2[x+3 (4 —x)]
Solution:
3[4x—-52x-3)]<T7-2[x+3 (4—x)]
or, 3[4x —10x —15)] < 7-2 [x + 12 — 3x)]
or, 12x —30x—-45<7-2x+24 + 6x
Transposing both sides we have
or, 12x — 30x + 2x< 6x — 24 — 450r, —12x< —62
Multiplying both sides by —1, we get
or, 22x> 62
or, x = ﬂ

11
Example-2:
Solve: 5x —2(3x —4) > 4[2x — 3 (1 — 3x)]
Solution:

Sx—203x—4)>4[2x -3 (1 -3x)]

or, 5x —6x—8)>8x—12 +36x
or, 5x—6x—8x-36x>-12-8
or, —45x>-20,
Multiplying both side we get —1,
or, 45x<20

20
or, x<—

n

. 4
1.6. x<—
9

Page-45



Questions for review

These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:
1. Solve the following inequalities:

(1) 3x-2<4+6x

(i) 2x—3(4-—x)<7-4(1-2x)

(i) 2x—3+4(5-3x)>4x—19

(1v) 3—[Sx+11-2x3+2)] <11 -3x[x-53 )]

v) [(5x=7)/(2x-3)]-2(3-4x)<0

2. Solve each inequality with a sign graph
(i) (x+3)(x+4)°<0
i) x-D(x-2)(x-3)<0
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Lesson-3: Degree of an Equation

After studying this lesson, you should be able to:

» Explain the nature of degree of an equation;
» Solve the simultaneous linear equation.

Nature of Degree of an Equation

An equation involving only one unknown quantity is called ordinary equation. An ordinary
equation involving only the first power of the unknown quantity is called ‘simple’ or ‘linear’
equation or equation of the first degree. When the highest power of the unknown quantity x is 2, it
is called ‘quadratic or the second degree equation; when the highest power of the unknown
quantity x is 3, the equation is termed as ‘cubic’ or the third degree equation. When the highest
power of x is 4, the equation is called ‘biquadratic or the fourth degree equation.

For example,

2x + 18 = y— Linear equation

2x? + 5x + 7= 0 — Quadratic equation

x>+ 5x% + 3x + 9 = 0 — Cubic equation

x*+ 10x° + 5x% + 2x + 10 = 35 — Biquadratic equation

If an equation in x is unaltered by changing xto —, it is known as a reciprocal equation.
X

An equation in which the variable occurs as indices or exponents is called an exponential
equation.

For example, 3* =21, 81* = 9*" etc. are called exponential equations.

If more than one unknown quantity are involved, the number in independent equations required
for solution is equal to the number of the unknown quantities. Such set of linear equations is
called simultaneous linear equations.

The following section of this lesson contains some model applications.

Example-1:

Solve 4x* — 16x> +23x> — 16x +4 =0

Solution:

4x*—16x> +23x> - 16x+4=0

Rearranging the terms, we have

4x* —4 - 16x> — 16x +23x* =0

Dividing both sides by x* we have,

4x° +iz—16x—ﬁ+23=0
X X

or, 4(x2 +L2J—16(x+l)+23=0
X X

1Y 1 1
or, 4{(x+—j —2.x.—}—16(x+—j+23=0
X X X

Putting y for x+ 1 , we have

x
402—2)—16()+23=0
or, 4>~ 8~ 16y +23=0

or,4? -~ 16y +15=0
or,4? —10y -6y +15=0
or,2y (2y—-5)-3(2y-5)=0
or, 2y-5)(2y-3)=0
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either, 2y—5=0 or,2y—-3=0

or,2y=35 or,2y=3
ory=§ ory=é
’ 2 ’ 2
When, y=§,then x+l:§
2 x 2
x*+1 5
r, =—
X 2

or, 2x>+2 = 5x

or,2x> —4x—x+2=0
or,2x(x-2)-1(x-2)=0
or, 2x—1)(x—-2)=0

either, 2x—1=0 or,x—2=0
or,2x=1 Sx=2
1
LX ==
2
When, y= é,then x+l=3
2 x 2
X413
X 2

or, 2x*> +2 =3x
or,2x>—3x+2=0

_hAp2 —
We know that x = bt 2b dac (Here,a=2,b=-3,c=2)
a

x=3i«/9—16=3i«/—7=3iﬁ (Here’ i=J—_1)
4 4 4
34470

4

Hence, x=2, % or,
Example-2:

Solve x+i:1
y

y+i=25

Solution:

From equation (i) x + 4 =1

+4
or, a4 =
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From equation (ii) y + 4 =25
X

xy +4

or, =25

X
O, XY + 4 =25X coveeeeceerireennnns (iv)
Subtracting the equation (iii) from equation (iv)
0=25x-y
or,y=25x
Putting the value of y in equation (iii), we get
x (25x) +4 =25x
or, 25x> + 4 =25x
or, 25x* —25x +4=0
or, 25x>—20x —5x +4=0
or, x(5x—4)—-1(5x-4)=0
or, 5x-4)(5x-1)=0

either, 5x-4=0 or, 5 x-1=0
or, 5x=4 or, 5x=1
80, x = — so,x=l

Now x =§,theny=25 x? =20

X =l,theny=25 ><l =5
5 5

Questions for Review:
These questions are designed to help you assess how far you have understood and apply the
learning you have accomplished by answering (in written form) the following questions:
1.  Explain the nature of degree of an equation.
2. Solve the following equations:
1) x*-3x°-2x*-3x+1=0

. X r_3
(i1) \/;+\/¥ 5
3

x—y=
(i) 3x+7-5z=0
Tx-3y—-9z=0
x2+ 2y +322=23
3. Solve
(1 x*+y’=4914
x+y=18
(i) 27=a
81Y=1243.3%
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Lesson—4: Quadratic Equation

After studying this lesson, you should be able to:

» State the nature of quadratic equation;

» Explain the relationship between roots and coefficient of quadratic equation;
» Explain the formation of quadratic equation; and

» Solve the quadratic equation.

Nature of Quadratic Equation
Generally an equation contains the square of unknown variable is called a quadratic equation. The
general method of solving a quadratic equation of the form ax’ + bx + ¢ = 0 is given.
Since ax’ + bx + ¢ = 0; by transposition ax’ + bx = c¢. Hence dividing both sides by a, the co-
efficient of x’ we have,
LA
a a

2 2
or, x’ +2.x.i+(i) =—b—_£

2a \2a 4a* a
bY b®-dac
or, | x+—| =————
2a 4q*
++/b* —4ac
or, x+— =
2a 2a
b \b* —4dac
or, x=—"+t——
2a 2a
—b++b* —4ac
or, x =
2a
[12 [12
Thus the required roots of ax’ + bx + ¢ =0 are bHVb ~4ac and b=b" —dac

2a 2a
Relationship between Roots and the Co-efficient of Quadratic Equation
A quadratic equation has thus exactly two roots. The relationship between the roots and the co-
efficient of the quadratic equations as as follows:
Let the quadratic equation is ax’ + bx + ¢ = 0, then if o, and B denote the roots of this quadratic
equation, we have

oo ~b+b* —dac , —b-+b* —4ac

2a b= 2a
Therefore by addition,
oo —b+m+—b— b2 —dac
2a 2a
—b+b* —dac —b—+b* —4ac
2a
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—2b b

2a a
And by multiplication,

op = —b++b* —4dac X—b—\/b2 —4ac

2a 2a
(-b) - [\/bz - 4ac]2

4q°
b? —b% +4ac _dac
4q* 4q*
Thus, we have shown that

C
a

Sum of the roots (a+p) = — 2 =— Coefficient of x

a Coefficient of x?

Constant term
Product of the roots (aff) = L.

a Coefficient of x°
Formation of Quadratic Equation
The formation of the quadratic equation whose roots are given can be explained as follows:
Let the general form of quadratic equation is ax’ + bx + ¢ = 0 and candB denote the two given
roots, where a, b and ¢ are constants whose values we have to find out.

The sum of the roots a+p= _b ,
So,b=— aa(oc+[3)

And product of the roots, oy = <
so,c=a aﬁa

The above relations imply that
ax’ +bx +c=0

or, ax*+[-a(o+B)]x + aop = 0

or, ax>— aox — aPx + aof = 0

or, x>~x(o+B) + af = 0 [Dividing both sides by ‘a’]
So, the required quadratic equation will be
x?— (sum of the roots)x + (product of the roots) = 0
The following section of this lesson contains some model applications of quadratic equation.

Example—1:
Solve x*’—4x + 13 =0
Solution:
X—dx+13=0
_bh+Ap? =
We know that x = bEND” —dac

2a
Herea=1,b=-4,c=13
Substituting the given values we have

()4 -2 )(13)

2.1

X =
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_4x416-52
2
_41+-36

2
= 461 [Since, 1= ﬁ]

2
Therefore,x=2+31 or,2—31

Example—2:
Solve 3x+24/x = _1ox
6x\/; —4x

104/
6x+/x—4x
24x.5

2x4(3x — 24/x)
or, (3x + 2\/;)(3}6 - 2\/;)= 5
or, [(336)2 - 2(2\/;)2} =5
or, 9x>~4x-5=0

—b++b* —4dac
2a
Herea=9;b=—-4;c=-5
Substituting the given values we have
_ (4 V(=4 -40)(-5)
2.9

_4+416+180
B 18
_ 4£4196

18
_4+14
T

Solution:

We have 3x+ 2\/_ =

or, 3x+2\/_:

We know that x =

So,x = § or, _—10
18 18

Example-3:
The roots of x>~ x + 1 = 0 are aiand B; from a quadratic equation whose roots are o* + B* and o +

B4

Solution:

Since o and P are the roots of the equation x’—x + 1 =0

Sum of the roots, o+ = — Cocflicient ofxz -t 1
Coefficient of x 1
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Constant term 1

And product of the roots, oy = =—=1

Coefficientof x> 1

Now, the sum of the roots of the required equation,

_ 0L2+Bz + OL2+B4

= (™) + [(o*+B?)*~ 20’7

= [(a+B)*~ 2aB] + [(a+B)*~ 201~ 2(af)?
= (12 2.1) + [(1)>= 2.1 (1)?

= 1+1-2=-3+1=-2.

And the product of the roots of the required equation.

= (o +p?) (o® +B%)

— (16+OL4B4 + (12[32 + Bé

= (a’+B°) (ap)* + (op)’

= (a?+p?) (a'~oB* + B*) + (ap)* + (aB)’

= [(o+B)*= 20B] [(a?+B2)°= 3a’B’] + (ap)® + (aB)’

= [(o+B)*= 20B] [{(a+B)*— 20B}*= 3(aP)’] + (aB)* + (aB)®
= [(1*=2(D] [{1)=2(D)}*= 3017+ (1)° + (1) 2

=1 =-3)+1+1=2+1+1=4,

Hence the required quadratic equation is,

x?— (sum of the roots) x + (product of the roots) = 0

or, x>~ (-2)x+4=0

50, x> +2x+4=0

Questions for Review:

These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1.
2.
3.

What is a quadratic equation? Give an example

State the characteristics of a quadratic equation.

If o and B are the roots of x’-px + ¢ = 0, form a quadratic equation whose roots are
(ap—o—B).

If o and B are the roots of 2x? + 3x + 7 = 0, find the values of (1) o*+B> (ii) a/B  (iii)
Blow  (iv) o’+B3

If the equation ax’ + bx + ¢ = 0 and bx’ + cx + a = 0 have a common root, then prove that
a+b+tc=0anda=5b=c.

Solve: (i) 3x*—2x —5=0 (i) x*+4x+4=y
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Lesson-1: Permutation

After studying this lesson, you should be able to:

» Discuss the nature of permutations;

» ldentify some important deduction of permutations;

» Explain the fundamental principles and rules of permutations;
» Highlight on some model application of permutations.

Definition of Permutation

Permutations refer to different arrangements of things from a given lot taken one or more at a
time. The number of different arrangements of » things taken out of # dissimilar things is denoted
by 'P,

For example, suppose there are three items x, y and z.

The different arrangements of these three items taking 2 items at a time are: xy, yx, yz, zy,
zxandxz. Thus nPr = 3P2= 6.

Again all the arrangements of these three items taking 3 items at a time are: xyz, xzy, yzx, yxz,
zxyandzyx. Thus nPr = 3P3= 6.

Hence it is clear that the number of permutations of 3 things by taking 2 or 3 items at a time is 6.

Fundamental Principles of Permutation

If one operation can be done in m different ways where it has been done in any one of these ways,
and if a second operation can be done in # different ways, then the two operations together can be
done in (mx n) ways.

Permutations of Things All Different
Permutations of '»' different things taken 7’ at a time is denoted by nPr where r<n. Here, nPr= n.(n
—1).m=2)........ m—r+1).

Therefore, the first place can be filled up in n ways.

The first two places can be filled up in n.(n —1) ways.
The first three places can be filled up in n.(n —1).(n —2) ways.

Permutation of Things Not All Different

The number of permutation of '»' things taken 7’ at a time in which &, elements are of one kind, &,

elements are of a second kind, &, elements are of a third kind and all the rest are different is given
n r!

by: P =
K,/K,|K . ..K,/I

Circular Permutations

The number of distinct permutations of n objects taken # at a time on a circle is (n —1)!. In
considering the arrangement of keys on a chain or beads on a necklace, two permutations are
considered the same if one is obtained from the other by turning the chain or necklace over. In

1
that case there will be 3 (n—1)!ways of arranging the objects.

Some Important Deduction of Permutations

(i)'P=n(n—1).(n=2)............. to n factors
=nm-1).m-2)...... mn—m-1)}
=nm-1).m-2).......... 1
=nm-1).m-2).......... 3.2.1.
=n!

Page-57



n! . n n!
[since, P.=

- (n—(n—-1)}! ' (n—r)f]
B n! _n/
Cin-n+1)) I

(i) 'P.= n. "'P_,

(i) P,

nl (-1,
or, -
(n—r)l  {(n-1)—(r—1)!
or, =n.
(n=r)l (n=r)!
n! n! . .
or, (n—r).’_ (1)l [since, n (n—1)! = n!]

n

“P=n""P_

(iv)'P, =n(n—I).(n=2)........ (n—r+1)
_n(n=1)(n=2)..... (n—r+1)(n—r)!
- (n—r)!

n!
(n—r)!
m'P, =""R+r."'P,
_ (n=1)! . (n—1)!
(n—1-r)! {(n—1)—(r—1)}!
(n—1)! r(n-1)!
7T (;(1—;»))!
_ (n=1)! N r(n—1)!
(n—r—-1)! (n—r)(n—-r—-1)!

_ (n=1)! T
(n—r—1)! (n—r)

(n—1)! {n—rw}

:(n—r—l).’ (n—r)

_ n(n—1)!
(n—r)(n—r—1)!

_ n! :nP
(n—r)! '

. on=1 n—1 =n
TP +r."P_,T P,

The following examples contain some model application of permutations.

Example-1:

A store has 8 regular door ways and 5 emergency doors which can be opened only from the
inside. In how many ways can a person enter and leave the store?

Solution:

Page-58



To enter the store, a person may choose any one of 8 different doors. Once inside he may leave

by any one of (8+5) =13 doors.

.. The total number of different ways is (8 x 13) =104.

Example-2:

There are 10 routes for going from a place Chittagong to another place Dhaka and 12 routes for

going from Dhaka to a place Khulna. In how many ways can a person go from Chittagong to

Khulna Via Dhaka?

Solution:

There are 10 different routes from Chittagong to another place Dhaka, the person can finish the

first part of the journey in 10 different ways. And when he has done so in any one way, he will

get 12 different ways to finish the second part. Thus one way of going from Chittagong to Dhaka

gives rise to 12 different ways of completing the journey from Chittagong to Khulna via Dhaka.

Hence the total number of different ways of finishing both the parts of the journey as desired =

(No. of ways for the 1st part x No. of ways for 2nd part) = (10 x 12) = 120.

Example-3:

There are 8 men who are to be appointed as General Manager at 8 branches of a

supermarketchain. In how many ways can the 8 men be assigned to the 8 branches?

Solution:

Since every re-arrangement of the 8 men will be considered as a different assignment, the number

of ways will be

8Pg _ 8

(8§-8)!

Example-4:

Six officials of a company are to fly to a conference in Dhaka. Company policy states that no two

can fly on the same plane. If there are 9 flights available, how many flight schedules can be
established?

=@8xT7x6x5%x4x3x2x1)=40,320 ways

Solution:
The number of flight schedule can be established for the six officials in
9 9! IxEXTxOx5x4x%x3!
P, = = = 60480 ways
(9-6)! 3!

Thus the total number of ways is 60480.
Example-5:
In how many ways can 3 boys and 5 girls be arranged in a row so that all the 3 boys are together?
Solution:
The 3 boys will always be kept together, so we count the 3 boys as one boy. As a result the
number of persons involved to be arranged in a row is 6.
They can be arranged in 6! ways = (6 x 5 x4 x 3 x 2 x 1) =720 ways.
But these 3 boys themselves can be arranged in 3! ways, i.e. (3 x 2 x 1) = 6 ways.
Hence the required number of arrangement in which the boys are together will be,
= (720 x 6) = 4320 ways.
Example-6:
Out of the letters P, O, R, x, y and z, how many arrangements can be made (i) beginning with a
capital; (i1) beginning and ending with a capital.
Solution:
(i) One capital letter out of given 3 capital letters can be chosen in 3P ;= 3 ways. Remaining the

other five letters can be arranged among themselves in 5! ways, i.e. in (5§ x4 x 3 x 2 x 1) =120
ways.
Hence the total number of arrangements beginning with a capital = (120 x 3) = 360.
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ii) Two capital letters out of given 3 capital letters can be chosen in 3P = 6 ways. For each
p g p 2 y

choice of these two letters, remaining four letters can be arranged in 4! ways, i.e. in (4 x 3 x 2 x
1) =24 ways.

Therefore the required number of arrangements beginning and ending with a capital

= (6 x 24) = 144,

Example-7:

Six papers are set in an examination of which two are mathematical. In how many different
orders can the papers be arranged so that (i) the two mathematical papers are together; (ii) the two
mathematical papers are not consecutive.

Solution:

(1) We count the two mathematical papers as one, so that the total number of arrangement can be
done in 5! ways, i.e., in (5 x 4 x 3 x 2 x 1) =120 ways.

Two mathematical papers can be arranged within themselves in 2! = (2 x 1) =2 ways.

Hence the required number of arrangement in which the mathematical papers are always together
is = (120 x 2) = 240.

(i) Again the total number of possible arrangements is 6! = (6x5x4x3x2x1) = 720 ways.

Hence the total number of arrangements in which mathematical papers are not consecutive is =
(720 — 240) = 480 ways.

Example-8:

How many different numbers of 3 digits can be formed from the digits 1, 2, 3, 4, 5 and 6, if digits
are not repeated? What will happen if repetitions are allowed?

Solution:

If the repetition of digits is not allowed then the required number of arrangements is, P, =

o 6X5X4X3!=120W21ys.
(6-3)! 3!
If the repetition of digits are allowed then the required number of arrangements is,
= xnxn) = (6 x6 x6) =216 ways.
Therefore 120 and 216 different numbers can be formed respectively by repeating and not
repeating digits 1, 2, 3, 4, 5 and 6.

Questions for Review

These questions are designed to help you assess how far you have understood and can apply the

learning you have accomplished by answering (in written form) the following questions:

1. Indicate how many 4 digit numbers smaller than 6,000 can be formed from the digits 2, 4, 5,
6,8,9?

2. Find the number of arrangements than can be made out of the letters of the word
"ASSASSINATION".

3. Indicate how many 5 digit numbers can be formed from the digits 2, 3, 5, 6, 8, 9 where 6 and
9 must be included in all cases.

4.  In how many ways can 6 persons formed a ring?

5. How many different arrangements can be made of all the letters of the word
"ACCOUNTANTS"? In how many of them the vowels stand together?

6. In how many ways 3 boys and 5 girls be arranged in a row so that all the 5 girls, are
together?

7. In how many ways can the letters of the word "EQUATION" be arranged so that the
consonants may occupy only odd positions?

8. In how many ways can seven supervisors and six engineers sit for a round table discussion
so that no two supervisors are setting together?

9. Find the number of permutations of the word ENGINEERING.
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Lesson-2: Combinations

After studying this lesson, you should be able to:

> State the nature of combinations;
» Explain the important deductions of combinations;
» Highlight on some model applications of combinations.

Definition of Combination

Combination refers to different set of groups made out of a given lot, without repeating an
element, taking one or more of them at a time. In other words, each of the groups which can be
formed out of » things taking r at a time without regarding the order of things in each group is
termed as combination. It is denoted by nCr.

For example, suppose there are three things x, y and z.
The combinations of 3 things taken 2 things at a time are: xy, yz, zx

Thus 'C, ='C,= 3.

Some Important Deductions of Combinations
. n n!
i C =———
() "orl(n—r)!
Generally nCr combinations would produce (nCrx r!) permutations; i.e., (nCrx rl)= nPr .

Hence, ("Crx rl) = nPr

"o o P n(n=1).(n=2)ceee. (n—r+1)
ool r!
o - n(n—=1).n—2)eeeeennen. (n—r+1).(n—r)!
" r(n—r)!
nC _ n!
" orl(n-r)!
o M n! _n_-/_ . -~
i) C,= W = " =1 [since 0! = 1]
iy "C, = n! _n(n=1)! .
Y n-1)! I(n-1)!
(ivy C,= o -
n/(n—n)! n!
v 'c - n! _ n(n—1)! _
" (n=Dlfn—(n—-1)})! (n—-1)!(n-n+1)!
Ve ="e,

~vi)y ‘c="c, .
n! n! n
= = ='c
(n—r)l{n—(n-r)} (n—r)lr!
Therefore, nCr = nCnfr
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(vii) Provethat” 'C ="C +'C_|

n /
We know that C, S L —
rl(n—r)!
n n n! n!
Je+'c = +
ri(n—r)! (r=1)!H{(n—(r—-1)}!
n! n!

r.(r—]).;(n—r)/ " (r—]).’(n—r'+1)(n—r).’

= n! l+;
(r=1)!(n—=r)!|r (n—r+1)

3 n! n—-r+l+r
- (r—=1)/(n—r)! {r.(n—r+1)}
(n+1).n!
ri(r—=I1)!.(n—r+1).(n—r)!

(n+1)!
rl.(n—r+1)!

(n+1)! e
rlg(n+1)—r}l

The following examples illustrate some model applications of combinations.

C, (Proved).

Example-1:

Find out the number of ways in which a cricket team consisting of 11 players can be selected
from 14 players. Also find out how many of these ways (i) will include captain (ii) will not
include captain?

Solution:
The numbers of ways in which 11 out of 14 players can be selected are
n 14 14! 14x13x12x11!
C= C,= = =

111(14—-11)!  11/x3x2x1

(i) As captain is to be kept in every combination, we are to choose 10 out of the remaining
13 players. Therefore the required number of ways,

13 13!/ _13x12x11x10!

0T I0I(13-10)!  10/x3x2x1

(ii) In this case as captain is to be excluded, therefore, we are to choose 11 out of remaining
13 players which can be done in,

13 13! 13x12x11!
= = =78 ways.

11/(13-11)]  11/x2x1

=286 ways

Example-2:
Out of 17 consonants and 5 vowels, how many different words can be formed each containing 3
consonants and 2 vowels?
Solution:

.17 .5
3 consonants can be selected out of 17 in  C; ways and 2 vowels can be selected out of 5in C,
ways.
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.. The number of selections having 3 consonants and 2 vowels = e 3><5C , ways.
Each of these selections contains 5 letters which can be arranged among themselves in 5! ways.
Therefore the total number of words = 17C 3><5C x5!
17 5!
X X

3107 -3)! 21(5-2)!
17x16x15x14! Sx4x3!

3x2x1Ix14!  2x[x 3!

5!

x 5.4.3.2.1 =8,16,000.

Example-3:
From 6 boys and 4 girls, a committee of 6 is to be formed. In how many ways can this be done if
the committee contains (i) exactly 2 girls, or (ii) at least 2 girls?

Solution:
(1) The committee of 6 is to contain 2 girls and 4 boys.

!
Therefore 2 girls can be selected out of 4 girls in 4C2 = % = 6 ways.

]
The remaining 4 boys can be selected out of 6 in 6C4 = %= 15 ways

Therefore the required number of ways = (6 x 15) = 90 ways.

(i1) In this case the committee of 6 can be formed in the following ways.
(a) 2 girls and 4 boys, (b) 3 girls and 3 boys and (c) 4 girls and 2 boys.
We now consider all these 3 cases:

In case of (a) the committee of 6 can be formed as explained above in 4C2><6C , ways.

Accordingly there are ‘c 3><6C 5 and'C 4><6C , ways of forming the committee in cases of (b) and (c)

respectively.
Hence, the total number of different ways

=( 4C2X6C4) +( 4C3X6C3) +( 4C4X6C2)
4! 6! 4! 6! 4! 6!
-G )+ ( x )+ x
1(4-2)! 4l(6-4)! 31(4-3)! 31(6-3)! 41(4—-4)! 2(6-2)!
= [(6 % 15) + (4 x 20) + (1 x 15)] = (90 + 80 + 15) = 185.

)

Example-4:

A cricket team consisting of 11 players is to be formed from 16 players of whom 4 can be
bowlers and 2 can keep wicket and the rest can neither be bowler nor keep wicket. In how many
different ways can a team be formed so that the teams contain (i) exactly 3 bowlers and 1 wicket
keeper, (ii) at least 3 bowlers and at least 1 wicket keeper?

Solution:
(1) A cricket team of 11 is to be formed with exactly 3 bowlers and 1 wicket keeper.
3 bowlers can be selected out of 4 in 4C3 ways, 1 wicket keeper can be selected out of 2 in ZC,
ways and the other 7 players can be selected from the remaining 10 players in ]0C7ways.
Hence the total number of ways in which the cricket team can be formed

_ 4C3 ><2C1><10C7

4 2! 10!

X X

34-3)! 12-1n! 7'10-7)
(4 x 2 x 120) = 960.
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(i1) Since at least 3 bowlers and at least one wicket keeper is to be included in the cricket team of
11 players, the team can be formed by choosing.
(a) 3 bowlers, 1 wicket keeper and 7 other players.
(b) 3 bowlers, 2 wicket keeper and 6 other players.
(c) 4 bowlers, 1 wicket keeper and 6 other players.
(d) 4 bowlers, 2 wicket keeper and 5 other players.
We now consider all these 4 cases.
(a) 3 bowlers, 1 wicket keeper and 7 other players can be selected in
4! 2! 10!
X X
4-=-3) 11(2-1)! 7110-7)!
= (4 x 2 x 120) = 960 ways.
(b) 3 bowlers, 2 wicket keeper and 6 other players can be selected in
=0, ’Cx"C, = (4 x 1 x 210) = 840 ways.
(c) 4 bowlers, 1 wicket keeper and 6 other players can be selected in
=7, x’Cx""C,= (1 x 2 x 210) = 420 ways
(d) 4 bowlers, 2 wicket keeper and 5 other players can be selected in
=0, 'Cx"C; = (1 x 1 x 252) =252 ways
Therefore, the total number of ways
= (960 + 840 + 420 + 252) = 2472.

4 2 10
=(C,xCx C,=

Questions for Review

These questions are designed to help you assess how far you have understood and can apply the

learning you have accomplished by answering (in written form) the following questions:

1. A committee of 5 is to be formed from 14 students. How many different ways this can be
done so as always to (i) include 2 particular students; and (ii) exclude 3 particular students?

2. A question paper contains six questions, each having an alternative. In how many ways can
an examinee answer one or more questions?

3. A committee consists of 5 members is to be formed out of 6 men and 4 women. How many
types of committees can be formed so that at least 2 women are always there?

4. Out of 10 consonants and 4 vowels, how many words can be formed each containing 3
consonants and 2 vowels?

5. From 6 boys and 4 girls, 5 are to be selected for admission into a particular course. In how
many ways can this be done if there must be exactly 2 girls?

6. In how many ways a committee of 5 members can be formed out of 8 professors? How often
will each professor be selected? If one particular professor is always included, what will be
the number of ways? In how many ways the committee can be formed if one particular
professor is always excluded?
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Lessons-1 and 2: Mathematics Induction

After studying of this lesson, you should be able to:

» Define the mathematics induction;
» Explain the principles of mathematics induction;
» Solve the problems of mathematics induction.

Link of this chapter.
https://byjus.com/maths/principle-of-mathematical-induction-learn-examples/
Mathematical Induction is a technique of proving a statement, theorem or formula which is
thought to be true, for each and every natural number n. By generalizing this in form of a
principle which we would use to prove any mathematical statement is ‘Principle of
Mathematical Induction®.

For example: 1° +23 + 3%+ ... +n® = (n(n+1) / 2)?, the statement is considered here as true for all
the values of natural numbers.

Mathematical Induction is a powerful and elegant technique for proving certain types of
mathematical statements: general propositions which assert that something is true for all positive
integers or for all positive integers from some point on. Let us look at some examples of the type
of result that can be proved by induction.

Proposition 1. The sum of the first n positive integers (1, 2, 3,...) is 1 2n(n + 1).

Proposition 2. In a convex polygon with n vertices, the greatest number of diagonal that can be
drawn is 1 2n(n — 3).
Principle of Mathematical Induction Solution and Proof

Consider a statement P(n), where n is a natural number. Then to determine the validity of P(n) for
every n, use the following principle:

Step 1: Check whether the given statement is true for n = 1.
Step 2: Assume that given statement P(n) is also true for n = k, where k is any positive integer.
Step 3: Prove that the result is true for P(k+1) for any positive integer k.

If the above-mentioned conditions are satisfied, then it can be concluded that P(n) is true for all n
natural numbers.

Proof:

The first step of the principle is a factual statement and the second step is a conditional one.
According to this if the given statement is true for some positive integer k only then it can be
concluded that the statement P(n) is valid forn=k + 1.

This is also known as the inductive step and the assumption that P(n) is true for n=k is known as
the inductive hypothesis.

Solved problems

Example 1: Prove that the sum of cubes of n natural numbers is equal to ( [n(n+1)]/2)? for all n
natural numbers.

Solution:

In the given statement we are asked to prove:

13423433+ -+n?= ( [n(n+1)]/2)?

Step 1: Now with the help of the principle of induction in Maths, let us check the validity of the
given statement P(n) for n=1.

P(D)=( [1(1+1)]2)* = (2/2)*= 12> =1 .

This is true.
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Step 2: Now as the given statement is true for n=1, we shall move forward and try proving this
for n=k, i.e.,

13423433+ +I3= ( [k(k+1)]/2)* .

Step 3: Let us now try to establish that P(k+1) is also true.
13+23+33+....k3+(k+1)3=[k(k+1)2]2+(k+1)(k+1)2
=(k+1)2[k24+(k+1)] =(k+1)2(k2+4k+44)
=(k+1)2(k+22)2 =[(k+1)(k+2)2]2

Example 2: Show that 1 +3 +5+... + 2n—1) = n?

Solution:

Step 1: Result is true forn =1

That is 1 =(1)? (True)

Step 2: Assume that result is true for n =k
1+3+5+...+2k-1)=k?

Step 3: Check forn=k+1

ie. 1+3+5+ ... +Q2k+1)-1)=(k+1)*

We can write the above equation as,

1+3+5+... +@2k-1)+Q2(k+1)-1) = (k+1)?

Using step 2 result, we get

k2 + 2(k+1)—1) = (k+1)?

K*+2k+2—1=(k+1)?

K2+ 2k + 1= (k+1)*

(kt1)* = (k+1)?

L.H.S. and R.H.S. are same.

So the result is true for n = k+1

By mathematical induction, the statement is true.

We see that the given statement is also true for n=k+1. Hence we can say that by the principle of
mathematical induction this statement is valid for all natural numbers n.
Example 3:

Show that 2%"-1 is divisible by 3 using the principles of mathematical induction.
To prove: 22"-1 is divisible by 3

Assume that the given statement be P(k)

Thus, the statement can be written as P(k) = 22"-1 is divisible by 3, for every natural number
Step 1: In step 1, assume n= 1, so that the given statement can be written as
P(1)=22D-1 = 4-1 =3. So 3 is divisible by 3. (i.e.3/3=1)

Step 2: Now, assume that P(n) is true for all the natural numbers, say k

Hence, the given statement can be written as

P(k) = 2%-1 is divisible by 3.

It means that 2%-1 = 3a (where a belongs to natural number)

Now, we need to prove the statement is true for n= k+1

Hence,

P(k+1) = 22D
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P(k+1)= 2321

P(k+1)=2%*.22-1

P(k+1)= (2% 4)-1

P(k+1) =3.2+(2%-1)

The above expression can be written as

P(k+1) =3.2%+ 3a

Now, take 3 outside, we get

P(k+1) = 3(2%+ a)= 3b, where “b” belongs to natural number

It is proved that p(k+1) holds true, whenever the statement P(k) is true.

Thus, 22"-1 is divisible by 3 is proved using the principles of mathematical induction

Questions for Review

I. Provethat 1 x 11 +2x2!/+3x3!1+ .. +nxn!l=(n+1)! -1 for all natural numbers using
the principles of mathematical induction.
2. Prove that 4" — 1 is divisible by 3 using the principle of mathematical induction

Use the principles of mathematical induction to show that 2 +4 + 6 + ... + 2n = n? + n, for all
natural numbers
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Lessons-3 and 4: Sequence and Series

After studying of this lesson, you should be able to:

Define the sequence and series;

Explain the types of sequence and series
Know the formula of sequence and series ;
Distinguish between sequence and series;
Solve the problems of sequence and series.

YVVVYY

Link of this chapter.
https://byjus.com/maths/sequence-and-series/

Sequence

A succession of numbers arranged in a definite order according to a given certain rule is called
sequence. A sequence is either finite or infinite depending upon the number of terms in a
sequence.

Sequences The list of positive odd numbers 1, 3, 5, 7, 9, ... is an example of a typical infinite
sequence. The dots indicate that the sequence continues forever, with no last term. We will use
the symbol an to denote the nth term of a given sequence. Thus, in this example, al = 1, a2 = 3,
a3 = 5 and so on; the first term is al = 1, but there is no last term. The list of positive odd
numbers less than 100 1, 3, 5, 7, ..., 99 is an example of a typical finite sequence. The first term of
this sequence is 1 and the last term is 99. This sequence contains 50 terms.

There are several ways to display a sequence:

* write out the first few terms

* give a formula for the general term

* give a recurrence relation.

Writing out the first few terms is not a good method, since you have to ‘believe’ there is some
clearly defined pattern, and there may be many such patterns present.

For example, if we simply write
1,2,4,..

then the next term might be 8 (powers of two), or possibly 7 (Lazy Caterer’s sequence), or
perhaps even 23 if there is some more complicated pattern going on. Hence, if the first few terms
only are given, some rule should also be given as to how to uniquely determine the next term in
the sequence.

A much better way to describe a sequence is to give a formula for the nth term an. This is also
called a formula for the general term. For example,

an=2n—1
is a formula for the general term in the sequence of odd numbers 1, 3, 5,.... From the formula, we
can, for example, write down the 10th term, since al0 =2x10—1 =19,

In some cases it is not easy, or even possible, to give an explicit formula for an. In such cases, it
may be possible to determine a particular term in the sequence in terms of some of the preceding
terms. This relationship is often referred to as a recurrence.

For example, the sequence of positive odd numbers may be defined by
al =1and ant+t1 =an+2, forn>1.

The initial term is al = 1, and the recurrence tells us that we need to add two to each term to
obtain the next term. The Fibonacci sequence comprises the numbers

1,1,2,3,5,8,13,21, 34, ...

Page-70



where each term is the sum of the two preceding terms. This can be described by setting
al=a2=1and

an+2 =an+1 + an, forn > 1.

https://byjus.com/maths/sequence-and-series/

Sequence and series are the basic topics in Arithmetic. An itemized collection of elements in
which repetitions of any sort are allowed is known as a sequence, whereas a series is the sum of
all elements. An arithmetic progression is one of the common examples of sequence and series.

e In short, a sequence is a list of items/objects which have been arranged in a sequential way.

e A series can be highly generalized as the sum of all the terms in a sequence. However, there
has to be a definite relationship between all the terms of the sequence.

The fundamentals could be better understood by solving problems based on the formulas. They
are very similar to sets but the primary difference is that in a sequence, individual terms can occur
repeatedly in various positions. The length of a sequence is equal to the number of terms and it
can be either finite or infinite. This concept is explained in a detailed manner in Class 11 Maths.
With the help of definition, formulas and examples we are going to discuss here the concepts of
sequence as well as series.

Sequence and Series Definition

A sequence is an arrangement of any objects or a set of numbers in a particular order followed by
some rule. If a, as, a3, a4,......... etc. denote the terms of a sequence, then 1,2,3.,4,.....denotes the
position of the term.

A sequence can be defined based on the number of terms i.e. either finite sequence or infinite
sequence.

Ifaj, as, a3, a4, ....... is a sequence, then the corresponding series is given by

Sy =ajtaytaz + .. +an

Note: The series is finite or infinite depending if the sequence is finite or infinite.
Types of Sequence and Series

Some of the most common examples of sequences are:

e Arithmetic Sequences

e Geometric Sequences

e Harmonic Sequences

e Fibonacci Numbers

Arithmetic Sequences

A sequence in which every term is created by adding or subtracting a definite number to the
preceding number is an arithmetic sequence.

Geometric Sequences

A sequence in which every term is obtained by multiplying or dividing a definite number with the
preceding number is known as a geometric sequence.

Harmonic Sequences

A series of numbers is said to be in harmonic sequence if the reciprocals of all the elements of the
sequence form an arithmetic sequence.

Fibonacci Numbers

Fibonacci numbers form an interesting sequence of numbers in which each element is obtained by
adding two preceding elements and the sequence starts with 0 and 1. Sequence is defined as, Fo =
Oand F1=1and Fy=Fu1 + Fao
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Sequence and Series Formulas
List of some basic formula of arithmetic progression and geometric progression are

‘Arithmetic Progression ‘Geometric Progression

Sequence a, atd, at2d,...... ,a+t(n-a, ar, ar?,....ar™D,
1)d,....
Common Difference Successive term —Successive
or Ratio Preceding term term/Preceding term
Common difference = d = Common ratio = r = ar™
a—a D/ar®2)
General Term (nthja,=a+ (n-1)d a, = ar®D
Term)
nth term from the last a, = 1— (n-1)d an = /1D
term
Sum of first n terms |s, =1n/2(2a + (n-1)d) sn=a(l — /(1 — ) if ||
<1
sn=a(r"-1)/(r— 1) if |r| >
1

*Here, a = first term, d = common difference, r = common ratio, n = position of term, 1 = last term
Difference Between Sequences and Series

Let us find out how a sequence can be differentiated with series.

‘Sequences ‘Series

‘Set of elements that follow a pattern ‘Sum of elements of the sequence

‘Order of elements is important ‘Order of elements is not so important
‘Finite sequence: 1,2,3,4,5 ‘Finite series: 1+2+3+4+5
‘Inﬁnite sequence: 1,2,3.4,...... ‘Inﬁnite Series: 1+2+3+4+......

Sequence and Series Examples

Example 1: If 4,7,10,13,16,19,22...... is a sequence, Find:
1. Common difference
2. nth term
3. 21st term

Solution: Given sequence is, 4,7,10,13,16,19,22......
a) The common difference=7-4=3

b) The nth term of the arithmetic sequence is denoted by the term T, and is given by T, = a + (n-
1)d, where “a” is the first term and d is the common difference.
Ta= 4 + (n - 1)3 = 4 + 3n - 3 = 3n + 1
c) 21st term as: Tz =4 + (21-1)3 = 4+60 = 64.

Example 2: Consider the sequence 1, 4, 16, 64, 256, 1024..... Find the common ratio and 9th
term.

Solution: The common ratio (r) =4/1 =4
The preceding term is multiplied by 4 to obtain the next term.

The nth term of the geometric sequence is denoted by the term T,and is given by T,= ar™)
where a is the first term and r is the common ratio.
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Herea=1,r=4andn=9
So, 9th term is can be calculated as To = 1* (4)®-D= 4% = 65536.

Example 3: What will be the 15" term of the arithmetic sequence -3, -(1/2), 2.... using
sequence and series formula?

Solution: Givena=-3,d=-(1/2) -(-:3) =5/2,n=15

Using the formula for n'" term of an arithmetic sequence:
a,=at(n-1)d

Putting the known values:

a;s=-3+(15-1)5/2

ajs = 32

Answer: The 15" term of the given arithmetic sequence is 32.

Example 4: Find the next term of the given geometric sequence: 1, 1/2, 1/4, 1/8 ... using
sequence and series formula

Solution:

Given:a=1,r=(1/2)/1 =1/2

To find: 5" term

Using the formula for the n™ term of a geometric sequence and series:

an= ar(n'l)
Putting the known values in the formula:

as=1(1/2)Y
as=(1/2)®
as = 1/16

Answer: The next term of the sequence is 1/16.
Example 5: Find the sum of the infinite geometric series -1 + 1/2 -1/4 + 1/8 - 1/16 + ...
Solution:

The common ratio of the given series is, r = -1/2.
Here, t| = |-1/2|=1/2 < 1.

Using the sequence and series formulas,

Sum of the given series=a /(1 - r)
=-1/(01-(-1/2))

=-1/(3/2)

=-2/3

Answer: -2/3

Questions for review:

1.
2.
3.

Insert two geometric means between 9 and 243.
If p, q, r are in AP then prove that pth, qth and rth term of any GP are in GP.

The first term of a GP 1s 27 and its 8th term is 1/81. Find the sum of the first 10 terms of the
GP.

Find the sum of the infinite geometric series (V2 + 1)+ 1 + (V2 - 1) + ...
Find the sum of integers from 1 to 100 divisible by 2 or 5.

Find the first term of the arithmetic sequence if the common difference is —4—4 and the
seventh term is 66.
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Lessons-1 and 2: Arithmetic Progression and Geometric Progression

After studying of this lesson, you should be able to:

» Define arithmetic and geometric progression;

» Define sequence and series;

» Distinguish between arithmetic and geometric progression;
» Solve the problems of AP and Gp progression.

Link of this chapter.
https://www.geeksforgeeks.org/arithmetic-progression-and-geometric-progression/

Arithmetic Progression and Geometric Progression: The word “sequence” in English means
a collection of some numbers or objects in such a way that it has a first member, a second
member, and so on. Sequences can be of anything, for example. — January, February, ....is the
sequence of months in a year. Sequences come into use in actual real lives of people every day.
Days of a week can also be considered as a sequence. Thus, it becomes essential to study the
sequences and find patterns in them to predict the sequence’s next terms and extract
information from them.

Sequences

Let’s consider a sequence: 2,4,6,8 and so on. The various numbers occurring in it are called its
terms. They are denoted by al, a2, a3 ... an. The subscripts denote the nth term. The nth term
of the sequence is also called the general term of the sequence because we can derive every
other term from it by putting different values of n. Here in this case,

» al=2,a2=4,a3=6andsoon...

A sequence with a finite number of terms is called a finite sequence and similarly, a sequence
with an infinite number of terms is called an infinite sequence.

A sequence can be regarded as a function whose domain is the set of natural numbers or some
subset of it. Sometimes, we use the functional notation a(n) for an.

Series

For a given sequence al, a2, a3 ... an. The expression given below is called a series. A series
can be infinite or finite depending upon the number of terms its sequence has. ) is the common
notation used to denote the series. This indicates the summation involved.

» Xi=lnai Xi=lnai=al +a2+a3 +... an

These concepts give rise to the sequences known as arithmetic progression and geometric
progression.

What is Arithmetic Progression (A.P)

Consider a sequence 1, 3, 5, 7, ..... Notice that in this sequence, the difference between
successive terms is constant. This means that at each step a constant value is being added to
each term of this sequence. A sequence al, a2, a3 ... an can be called an arithmetic progression
if an+1 = an + d where n is any natural number. In such a series, al is called the first term, and
the constant term d is called the common difference of A.P. So, an AP looks like,

» a,a+td,a+2d,a+3d..... and so on.
The nth for AP can be defined as,
an=al + (n-1)d

Sum of n terms of an AP is given by,
Sn = n2[a+(n—1)d]2n[a+(n—1)d]

or

Sn =n2[a+1]2n[a+]

YV VV VYV
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What is Geometric Progression (G.P)

Consider the following sequence, 2, 4, 8, 16 ..... It is clear here, that each term is being
multiplied by 2 in this sequence. Such sequences where successive terms are multiplied by a
constant number are called geometric progressions. In a more general way, a sequence al, a2,
a3 ... an can be called a geometric progression if an+1 = an. r where n is any natural number. In
such a series, al is called the first term, and the constant term r is called the common ratio of
G.P. So, a GP looks like,

> a,ar,ar2, arn..... and so on.

The nth for GP can be defined as,

» an=alm-1

In general, GP can be finite and infinite but in the case of infinite GP, the common ratio must

be between 0 and 1, or else the values of GP go up to infinity. Sum of GP consists of two
cases:

Let’s denote the Snare a +ar+ar2 + ..... arn

Case 1: If r = 1, the series collapses to
> a,a,a,a...and so on.
» Sn=na

Case 2: If r#1, the series stays the same,
> atar+ar2+... arn
» Sn=a(l-rn)l-rl-ra(l-rn)

Let’s look at some word problems related to these concepts

Arithmetic Progression vs Geometric Progression

Aspect Arithmetic Progression (AP) Geometric Progression (GP)
. Sequence where th.e dlfferenp N Sequence where the ratio between
Definition between consecutive terms is . .
consecutive terms 1s constant.
constant.
Common Term Common Difference (d) Common Ratio (r)
General Formula an=a+ (n-1)d an=a.rn-1
Sum of First n Sn=n/2 (2a+ (n-1)d) Sn=am - 1/r-1
Terms
cpe e Difference between consecutive Ratio between consecutive terms
Identification . .
terms 1s constant. 1S constant.
Graphlcal. Linear sequence Exponential sequence
Representation
Examples 3,7, 11, 15, 19 (Common difference 2,6, 18, 54 (Common ratio » = 3)

d=4)

Used in problems involving
exponential growth or decay, such
as population growth and interest

calculations.

Used in problems involving linear
Applications relationships, such as scheduling and
financial calculations.

Nature of Sequence Additive Multiplicative
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Solved Examples on AP and GP

Example 1: A bitcoin stock started at $5. After that, every day it rises by $2. Find the stock
price at the end of 16th day.

Answer:

In the above question, each time a constant number is added to the previous term to make a
new term. This is an AP.

57,9, ...andso on.

Using the formula for nth term of AP.

an =al + (n-1)d

Here al denotes the first term and d denotes the common difference. In this case ,
al =5,d=2andn=16

al0=al + (16-1)d

=2al0=5+(15)2

=2al0=5+30

=2al0 =35

Thus, the stock prices are at $35.

Example 2: A person planted 3 trees at his son’s birth. After that, on subsequent birthdays he

planted 5 more trees every year. Find the number of trees in his backyard when his son is 10
years old.

Answer:
In the above question, each time a constant number is added to the previous term to make a
new term. This is an AP.

3,8, 13, ... and so on.

Using the formula for nth term of AP.

an =al + (n-1)d

Here al denotes the first term and d denotes the common difference. In this case,
al =3, d=5andn =10

alO=al + (10-1)d

=2al0=al +(9)d

=2al0=3+9()

=all0=3+45

=all =48

Thus, there are 48 trees in his backyard now.

Example 3: English rock band the1975 released a new album in summer, and they opened

with 100,000 copies sold within one day. Now the album is topping charts and everyday they
sell 20,000 copies more than the previous day. Find the total album sales in a week.

Answer:
In the above question, each time a constant number is added to the previous term to make a
new term. This is an AP.

100,000, 120,000, 140,000; ... and so on.
Goal is to calculate the sum of the sequence at the end of 10th day.
Using the formula for sum till nth term of AP.
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Sn =n2fa+m—1)d]2n[a+(n—1)d]

Here a denotes the first term and d denotes the common difference. In this case,
a =100,000,d = 20,000 and n =7

Sn = n2[a+m—1)d]2n[a+n—1)d]

=87 = 72[100000+(7—1)(20000)]27[100000+(7—1)(20000)]

=87 = 72[100000+(6)(20000)]27[100000+(6)(20000)]

=87 = 72[100000+(120000)]27[100000+(120000)]

=87 =72[220000]27[220000]

=87 =7(110000)7(110000)

=57 = 770000
Thus, the total album sale is 770,000.

Example 4: The deer population is increasing in Corbett National Park. In year 2015 it was
1000, since then it has been increasing, and it becomes 2 times every year. Find the population
in 2021.

Solution.
Here, every year the population becomes 2 times. A constant number is being multiplied to the
previous term to get the new term. This is a geometric progression.

1000, 2000 ... and so on.

Here a = 1000 and r=2

Using the formula for nth term of the GP

an = alrn-1

In 2021, n = 7. Plugging in the values in the formula
an = alrn-1

=an = (1000)(2)(7-1)

=an = (1000)(2)6

=an = (1000)(64)

=an = 64000

There must be 64,000 deer in Corbett National Park now.

Question for review:
Practice Problems on AP and GP

1. Find the 10th term of the arithmetic progression (AP) where the first term a = 3 and the
common difference d = 5.

2. Find the sum of the first 20 terms of the arithmetic progression where the first term a = 2
and the common difference d = 3.

3. Given the arithmetic progression 7, 13, 19,..., find the common difference.

4. Find the 5th term of the geometric progression (GP) where the first term a = 2 and the
common ratio r = 3.
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Lesson-1: Functions

After studying this lesson, you should be able to:

» Discuss the nature of variable and constants;
> State the functions and its classification;
» Highlights on some worked out examples related to the functions.

Introduction:
First of all we have to know some important terms, which are frequently used in this lesson.
These are:

Constant

A constant is a symbol - which never changes over the sets of mathematical operation. For
example, 1, 2, 3 are constants. The letter a, b, ¢ --- are also considered as constants which are
specially know as arbitrary constants.

Variables

A symbol capable of assuming different values is called a variable. Variable are usually
denoted by the letters of the alphabet; i.e., x, y, z.

Independent Variable

A variable to which any value can be assigned is called an independent variable. Independent
variables are the causes and the dependent variables are the effects.

Dependent Variable

A variable whose value depends on the value of the independent variable is called a
dependent variable.

Function

When two variables are so related that one is dependent and another is independent, then the
dependent variable is known as function of independent variable. For example, let us consider
two variables x and y, which are related by the equation y = 4x + 6. We see that if we take x
= 1, then we get y = 10; if we take x = 0, we get y = 6 and thus we see here that x is
independent variable and y is dependent variable. So we may say that y is the function of x
which is denoted by the symbol, y = f{x). Hence we may conclude that any expression

containing a variable is called a function of that variable. Thus (i) ax +10, (ii) 2x2 — 5x + 2,

(iii) 2 — [ and (iv) el — 5, where the expressions (i) and (ii) are functions of x and the
expressions (7ii) and (iv) are functions of ¢. The related variable on which the value of the
function depends is also known as argument of the function.

Type of Functions
The different types of functions have been discussed as under:

a) Linear Function: A linear function represents a relationship between two variables, i.e., one

dependent variable and another independent variable. Generally the functional form of the
linear function is, f{x) = ax + b
where, f{x) is the dependent variable

x is the independent variable

b is the value of the dependent variable when x is zero.

a is the coefficient of the independent variable.
The above symbol f(x) is read as "function of x", which represents the values of the dependent
variable, and x represents values of the independent variable; f{x) varies according to the rule
of the function as x varies. For a linear function, the rule of the function states that ‘a’is to be
multiplied by x and this product is to be added to b. This sum determines the value of the
dependent variable f(x).
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b) Quadratic Function: The quadratic function is a second degree function which has important
applications in business and economics. The general form of the quadratic function is, f{x) =
ax’ + bx + c

where, f(x) is the dependent variable
x is the independent variable
a, b and c are the parameters of the functions.
The shape of the quadratic function is determined by the magnitude and signs of the
parameters a, b and c.

¢) Polynomial Functions: Linear and quadratic functions belong to the class of functions termed

polynomial functions. The general form of the polynomial function is

fx) = ap+ aix + ax’+ ax’+ ...+ ax"

where, ag, ai, az, as, ... a, are parameters and # is a positive integer.
The parameters may be positive, negative or zero. The polynomial function is linear if n=1
and quadratic if n=2. This can be verified by comparing this for n=/ with the general form of
the linear function, and n=2 with the general from of the quadratic function.
A polynomial function in which the largest exponent is n=3 is termed as cubic function. The
general form of the cubic function is f{x) = ap+ a:x + ax’+ asx’

d) Multivariate Functions: Functions in which the single dependent variable is related to more
than one independent variable are termed as multivariate functions. The general form of
multivariate function is, f{x;, x2) = 2x;+5x; x2+6x;

where f (x;, x;) is the dependent variable
x; is an independent variable
andx; is a second independent variable.

e) Exponential Functions: The exponential function is a specific function in which a constant is
raised to a variable power rather than a variable raised to constant power. This function with a
variable power is called the exponential function. The general form of exponential function is
Ji(x) = k.ad™

where'a’ is a constant greater than zero and not equal to one
andf{x) is any real number function.
The domain of this function is the set of all real numbers, x, for which f{x) is defined.

The exponential function states the constant rates of growth. As the independent variable
increases by a constant amount in the exponential function, the dependent variable
increases or decreases by a constant percentage. Hence, the value of an investment
that increases by a constant percentage each period, the sales of a company that
increase at a constant rate each period, and the value of an asset that declines at a
constant rate each period are examples of functional relationship that are described
by the exponential functions.

f) Logarithmic Functions: The inverse of the exponential function is the logarithmic function.

The general form of the logarithmic function is, y = logax
where, y is the dependent variable
x is the independent variable
and’a’is a constant, termed the base, that is greater than 0 and not equal to 1.
The logarithmic function arises when we ask the question, for what value of y is @’ = x.
If & = x, then log, x = y and vice-versa. Thus, the exponential function is corresponding to the
logarithmic function, y = log, x is @’ = x.

Rate of Change
The rate of change of a function is the change in the value of the dependent variable with respect
to the change in the value of the independent variable, i.e.,

Af(x) _vertical change  rise
A

Rate of change = "~ horizontal change ~ run

X
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If the independent variable x increases by Ax, the new value of the independent variable is (x +
Ax). For a linear function when f{x) = ax + b, the new value of the dependent variable for change
inxisf{x + Ax) = a(x + Ax) + b.

To determine the amount of change in the dependent variable as the independent variable changes
by Ax, the old value of the dependent variable, f{x) is subtracted from the new value of the
dependent variable, f(x + Ax). That is, for the linear case,

AMx) = flox + &) —f(x) =a (x + )+ b—(ax +b)
=(ax + aAx + b—ax—b) = a. Ax.

Hence for the linear case, the rate of change is = g, which is the slope. The rate

Af(x) _ adx
Ax Ax

of change can be calculated for any function, linear or non-linear, using the same formula.
Notations for Functions
It x' is a variable of a function, then it is expressed as f{x), F(x), g(x), ... fi(x), f>(x) ... which are
basically called functions of x. Similarly it may be expressed as ‘the f function of x’, ‘the F
function of x’ ... etc.
Again, if more than one variable (x, y, z) exist in a particular function, it can be expressed as f(x,
y), F(x, y, z). It is termed as ‘the function of x and y’, ‘the F function of x, y, and z’ etc.
For example, If f{x) = 2x° — 5x + 3 and F(x, y) = 3x°+5¢" — 3xy,
then, f{p)=2p° — 5p + 3 and F(b, d) = 3b° + 3¢ — 3bd.

If the value of x' exists between a andb then it is termed as domain or interval. If the interval is a
<x <b, then it is called closed domain in which the values of a andb are included.
Again if the interval is a < x < b, then it is called open domain, where the mid values of a andb
are included only. The samples of functions are presented as under:

f(x)=3x+5 — It is a linear function

f(x)=3"-3x+8 — It is a quadratic function

f(x)=4x—9x’+3x—6  —ltis a cubic function.
The following examples illustrate the use of functions
Example-1:
Ifp(qg) =q° —r? + 5and h (r) = ¢° — ¥? + 5; what is (i) p (2) and (ii) / (3)?
Solution:
(a) We are given, p(q) = q2 —r2+5

p(2)=22-r2+5)=9-12
(b) We are given, & (1) = q2 —r2+5
h(3)=(q?-32+5)=¢° -4

Example-2:

3
2 1 !

Find g(64), If g(x) = ;7 —16x 2 +2x°

Solution:
3
3 1 !

We are given, g(x) =;7 —16x 2 +2x°
3

642 = !
(64 =| T-=16(64) 2 +2(64)" | =(16-2+8) =28
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Example-3:
Find (i) g(a) —g(x —a), if g(x) = x2+ 10
(i) fix + @) = fix); if fix) =x2 = 3
Solution:
(i) We are given g(x) = x2 + 10
gla)—glx—a)= (@2 + 10) — {(x —a)? + 10}
=a? + 10—x2 + 2xa—da? — 10= 2xa — x2
(ii) We are given, f{x) = x2 — 3
e+ @) —fe) =k +a)2 -3 —(x?=3)
=x2+2xa +a? —3—x2 + 3= 2xa + a2
Example-4:

It fx) = % , prove that f{x). fé )=1

Solution:

+b
We have f{x) = =

bx+a

1
Replacing x by L on both sides, we get

(i _a.;-i-b atbx
fx) -1 btax
b.—+a

b ath
fefrh) =L P (proved)

Example-5:
2
+x+
Find the domain of the following function )2—)65
x°—6x+8
Solution:
2
X +x+35
Let f(x) =—————
& x'—6x+8
Clearly, f(x) will be undefined if
2 —6x+8=0
0r,x274x72x +8=0
or,x(x —4) 2(x—4)=0
or,( x—4)(x-2)=0
sx=2orx=4
Hence, the domain of the definition of f{x)is:
—a<x<ag butx#2andx #4.
Example-6:

If &V — e~V = 2x, express y as an explicit function of x.
Solution:

We have &/ — eV = 2x (Let z = &)

1
or,z—~ =2x
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or, 22 ] =2z
or, 2 2xz-1=0

or, &V =

x4 —4.1(-1)
2.1
2x 24X +1

2

or, ¥=x+x’ +1
or, log,e = log, (x + \/x2+1)

or,y =log, (x £ \ x2+1 ), which expresses y as an explicit function of x.
Example-7:

Find the range of the function =
+x2

Solution:

Lety =

1+x2

0r,x2y ty=x

or,xzyfx +y=0

X =

1+3[1-4£2

2y

Since x is finite and real, we have

Therefore, the required range of the given function is: —

y#0,and I — 42 >0
or, (1—2y) (1+2y) >0
.'.*1/2 <y< 1/2

<y<5andy#0

N |~
N |~

or,-//,<y<0and 0<y<'/,

Questions for Review

These questions are designed to help you assess how far you have understood and can apply the

learning you have accomplished by answering (in written form) the following questions:
1.

A

What do you mean by constant and variable?

Define a function. What do you mean by domain interval and range of a function?
If fix—1) = 7x -5, find f{x) and f(x+2)

If f(x) =x? —x, then prove that f{h+1) = f{—h)

If fix) =x12 show that /i + ) —fx — ) = —22

_(xZ—hZ )2
1+x 2x
If fix) = logeﬁ , show that f (m} = 2f(x)
-3
Ify =fix) = ﬁ and z = f(), express z as a function of x.

x-2
x2-3x+2

Find the domain of the following function

2
Find the range of the function =
+x2

Page-87



Lesson-2: Limit

After studying this lesson, you should be able to:

> Discuss the nature of fundamental theorems on limit;
» Apply the different methods of evaluating the limit.

Introduction

The concept of limit is an operation, which determines whether the value of a function exists in
the neighborhood of a point at which the function is undefined. It is completely new concept in
mathematics and is considered to be the basis of calculus. Now-a-days, this concept has wide
application in the theoretical discussion in different branches of science including mathematics
and in the solution of different problems in economics. In this lesson we shall make a brief
discussion on the limit of a function and the application of fundamental theorems in evaluating
limit of a function.

Limit of a Function

Generally, we are concerned with what happens to the value of the dependent variable f{x) as the
value of the independent variable x approaches some constant a. For example, the function
fdefined by f(x) = x+2 and notice what happens to the value of f{x) as the value of x moves closer
and closer to 2.

Let us set up a table of x and corresponding f{x) values, as

x :19—-199 —1.999 —»1.9999 2.0001 — 2.001 — 2.01 — 2.1

f(x):3.9—>3.99 - 3.999 - 3.9999 4.0001 — 4.001 — 4.01 — 4.1

Fundamental Theorems of Evaluating Limit of a Function
The following theorems are most useful in the evaluation of limits.
For any real number a, assuming that /im f(x ) and lim /im g( x ) exist:
xX—a Xx—a
1. For any real constant k, limk =k
xX—>a

2. For any real number n, /im x" =a"

xX—a

3. lim &/f(x) = n\/lim f(x) in the root is defined
4. limk.f(x) = k.lim f(x)
5.0m[f(x)xg(x)] =limf(x)+limg(x)
6. lim f(x).g(x)=Ilimf(x).limg(x)
7. lim EAEZ limf(x)/limg(x);if limg(x)+0
x—a g(x) x—a x—a x—a
8. If n is any positive integer, then
(a) lim iﬂzO (b) lim iﬂzO
x>t X x>0~ X

9. If n is any positive integer, then

1 1
lim — =+ ocand lim — = +oc(if n is even) or - oc (if n is odd)
x—=0" X x—=0" X

10. lim log f(x) =loglim f(x)
1 tim [f(x)f = |£im f(x)"
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The following examples illustrate the uses of these theorems.

Example-1:
V3+x—-43-x

Compute [im

x>0 X
Solution:

lim V3+x—43-x \/3+x+\/3 X
x>0 X \/3+x+\/3 X

i 3= -x) 2 __2
x>0 x.[\/3+x+\/3—xJ 0 f3+x++/3—x 2\/§
Example-2:

PRl

g(x +h) g(x)

Evaluate l im
h—0

; where, g(x) = 7x + 9

Solution:
im})g(ﬁh)—g(X)
i [7(x+h)+9]-[7x+9]
h—0 h

7X+7h+9-7x-9 7h
= lim = lim
h—0 h h—0 h

= [im 7 =7. The constant function 7 is continuous.
h—0

Example-3:

X —X

—e

e
Evaluate [lim
x—0 X

Solution:
e —e”

lim
x—>0 X

Example-4:

1—cosx

Prove that [im ————— =0
x—>0 X

Solution:
. I—cosx
lim ————=90

x—>0 X
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2sin’ X Slnzg
= [im 2 _ lim
x—0 X x>0 X
2
sin’ X X
=£l_])7(1) . x{ci_l)?(i)sin§=(lx0)=0

2
Example-5:

Find (a) ling (3x° =x+6) (b) ling (2x’ +1)(3x—4)

Solution:
(a) lim (3x° —x+6)

=lim 3x*> - limx+ lim6
x—2 x—2 x—2

=[3(2)2-2+6]=(12-2+6)=16
(b) ling (2x> +1)(3x—4)
=[lim 2x* + lim 11 [lim 3x— lim 4]
x—3 x—3 x—3 x—o3

=[2.(3° +1].[3.(3) — 4]
= [(18+1).(5)] = (19 x5) =95

Example-6:

. x'—4
lim
x—2 X — 2
Solution:

0
Here Substituting x = 2, we get 0 which does not exist.

2

. .. . X
Hence by rationalizing, lim

x—2 x_2
lim 2N 2) s 2 20]
x—2 (x_2)
= ling (x+2)=(2+2)=4
2
- lim X -4 =4.
=2 x—2

Some Important Limits
The following formulae are also used for evaluating the limit of a function.

(W lim 2= = g

x—0 xXxX—a
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l n
(2) linz (1+n)"= lim (1+ij =e.
n— n

n—>C

(3) lim M: n
n—0 X

@) lim 2% =
n—0 X

Example-7:
Show that, ling ()c2 —3x+ 5)= 3

Solution:
We have lim (x’ = 3x+5)=3

x—2

= limx?— lim3x+ lim 5

x—2 x—2 x—2

=limxlimx-3limx+35

x—>2  x-2 x—2

=(2x2-3%x2+5)=(4-6+5)=3 (Proved)

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1. Give the definition of limits of a function.

2. Mention the fundamental theorems of evaluating a function.
3. Find ling (3x*+2)
X—>

4. Iffx) = % ,find lim fi)

2
5. Evaluate lim ﬂ
x—1 x_]
2x+3
6. Evaluate lim a
x> x+ ]
NI+x—~1-
7. Evaluate lin?) { i x}
X—> x

3 1
8. Prove that /im log[ZxZ —3x? —]j =2 log 3.

x—>4
2
9. Evaluate lim —x—2"3
xo-l x° = 2x-3
NI+ 2x —+/1-3x

10. Find the value of lin})
X—> x
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Lesson-3: Continuity

After studying this lesson, you should be able to:

» Discuss the nature of continuity of a function;
» Apply the conditions for continuity of a function.

Nature of Continuity
A function f{x) is said to be continuous in an open or closed interval if it is continuous at all

points in the interval. For example, the function f(x) = x2 is continuous in the closed interval -4 <
X < 3 when it is continuous at every point in the interval.
If the function f{x) is not continuous at x = a, we say that the function f{x) is discontinuous at x =
a and the point x = a is called a point of discontinuity of the function. The function f{x) is said to
be discontinuous at x = a if,

(i) f(a) is undefined i.e. f{x) does not possess a definite finite value at x = a

or, (ii) /im f{x) does not exist
or, (iii) /im f{(x) exists but lim f(x) # f(a)

Continuity of a Function
The important concept of continuity of a function is developed from the theory of limit. A
function '/’ is continuous at x = a if and only if all of the following conditions apply to fat a.

1) f(a) is defined, i.e., the domain of fincludes x = a;

2) lim f{x) exists;
3) lim f{x) = f{a), whether x approaches to a from the left or from the right.

Continuity at an Interval
If @ andb are real numbers and a < b, then the set {x | a < x <b} is called an open interval and is
denoted by /a, b]. The set {x | a <x <b} is called a closed interval and denoted by (a, b). The
half-open interval {x | a < x <b} is symbolized (a, b] whereas the half-closed interval {x | a <x <
b} is symbolized [a, b). In each case a andb are the endpoints of the interval, and any x value such
that a <x <b is interior point.
A function fis continuous on an open interval if it is continuous at each number in that interval.
A function f is continuous on a closed interval (a, b) provided the following conditions are
satisfied:

1. fis continuous over the open interval (a, b)

2. f{x) — f(a) as x — a from within (a, b)

3. f(x) — f(b) as x — b from within (a, b)
The following examples illustrate the requirements/conditions for continuity of a function.

Example-1:

2
X —

Show that f{x) = is not continuous x = 2 but continuous at x = 3.

Solution:
The conditions to be satisfied by a function before we can say that it is continuous at a particular

point say x = a are: f{a), lim f{x) and lim f(x) should have definite and finite values and these

are all equal.

Let us examine whether these conditions are satisfied by f{x) =
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Here x = 2, therefore we have

: 24 0 .
(1) f2) = 22 700 which is undefined.

Again by the method of finding the left hand and right hand side limits, we have
2
x -4 x+2)(x-2
o (XH2)(x=2)

(1) lim
x—2" x—2 x—2" ()C—Z)
= [lim(x+2)
x—2"

= iinz)(Z—h +2)=4
.. L.H.S. limit =4,
= 2 -2
Again, [im ¥ =4 = lim (x+2)(x=2)
x—2* x—2 x—2* (x—2)
= lim (x +2)

x—2*

= lim2+h+2)=4

. R.H.S. limit = 4.

Here, lin} fx) = lim f(x) #12)

2

x° -4
Sfx) = is not continuous at x = 2.
x _—
Now, forx = 3,
32-4

0)1(3) :T-z = 5and
2_

2 -2
if) Zim = pim (XF2x22)
x—3" x—2 x—3" (x—2)
=£l_l)7})(3—h+2)=5
- L.H.S. limit = 5.
= 2 -2
Again, [im al 4= lim (x+2)(x=2)
x—3" x—2 x—3" (x—2)
=lim(3+h+2)=5

. R.H.S. limit = 5.

Here, lingaff(x) = linj@f(x) #(3)

x’—4

is continuous at x = 3.

) =

x —
Example-2:

Show that f(x) = 3x2 + 2x — [ is continuous at x = 2. Also prove that f{x) is continuous for all
values of x.
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Solution:
The condition is to be satisfied by a function if we can say that it is continuous at a particular

point say x = a, where lim f{x) = f(a) = lim+f(x)

Let us examine whether these conditions are satisfied by f{x)= 3x2 + 2x— I forx = 2.
Here a = 2, therefore, we have (i) f(2) = (3. 22+22- 1)=15.
Again by the method of finding the left and right hand side limit, we have
(i) lim (3x2 +2x—1)= img {B3C2-h2+202-h-1}=15
x—>2" -

- L.H.S. limit = 15.
Again (iii) lim (3x% +2x—1)= lim {(3(2 + h)2+202+h) - 1)=15
x—2" -

- R.H.S. limit = 15.
We find the values of the function at x = 2, the LHS limit and RHS limit and all of these exist and

finite and equal. Thus the f(x) = 3x2 + 2x — [ is continuous at x = 2.

We shall show further that f(x) = 3x2 + 2x — [ is continuous for all values of x.

Let x = k be any value of x arbitrarily selected and find out whether given function is continuous
atx =k

Here a = k, therefore f(k) = 3k2 + 2k— 1 (finite number) ... (1)

Also, lim (3x2+2x—1)= lim {(3(k - h)2+ 2(k—h)— 1}

x—k~

= lim (3K’ — 6kh +3h° — 2k + 2h — 1)

h—0

=GBk + 2k - 1)......(2)
Similarly we find that, lim (3x2 +2x—1)=3k% +2k—1 ........ (3)

x—k*
From (1), (2) and (3) we deduce that the given function is continuous at x = .
Since £ is any arbitrary value of x, therefore, f(x) is continuous for all values of x.

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1. Define the continuity of f{x) at x = a. When is the function said to be continuous in the closed

interval a <x <b?
2. Define the discontinuity of f{x) at x = a.
, . N _ 2x%46x-5
3. Indicate the points of discontinuity of the function: P TYE
12x4+x-20

3-8
4. The function f{x) :x2_4 is undefined at x = 2. Redefine the function so as to make it

continuous at x = 2.

2.9
5. It fix) = };T when x # 3; state the value of f{3) so that f(x) is continuous at x = 3.
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Lesson-1: Differentiation

After studying this lesson, you should be able to:

» Explain the nature of differentiation;

> State the nature of the derivative of a function;

» State some standard formula for differentiation;

» Apply the formula of differentiation to solve business problems.

INTRODUCTION

Calculus is the most important ramification of mathematics. The present and potential managers
of the contemporary world make extensive uses of this mathematical technique for making
pregnant decisions. Calculus is inevitably indispensable to measure the degree of changes relating
to different managerial issues. Calculus makes it possible for the enthusiastic and ambitious
executives to determine the relationship of different variables on sound footings. Calculus in
concerned with dynamic situations, such as how fast production levels are increasing, or how
rapidly interest is accruing.

The term calculus is primarily related to arithmetic or probability concept. Mathematics resolved
calculus into two parts - differential calculus and integral calculus. Calculus mainly deals with the
rate of changes in a dependent variable with respect to the corresponding change in independent
variables. Differential calculus is concerned with the average rate of changes, whereas Integral
calculus, by its very nature, considers the total rate of changes in variables.

Differentiation

Differentiation is one of the most important operations in calculus. Its theory solely depends on
the concepts of limit and continuity of functions. This operation assumes a small change in the
value of dependent variable for small change in the value of independent variable. In fact, the
techniques of differentiation of a function deal with the rate at which the dependent variable
changes with respect to the independent variable. This rate of change is measured by a quantity
known as derivative or differential co-efficient of the function. Differentiation is the process of
finding out the derivatives of a continuous function i.e., it is the process of finding the differential
co-efficient of a function.

Derivative of a Function

The derivative of a function is its instantaneous rate of change. Derivative is the small changes in
the dependent variable with respect to a very small change in independent variable.

Let y = f (x), derivative i.e. % means rate of change in variable y with respect to change in
X

variable x.

The derivative has many applications, and is extremely useful in optimization- that is, in making

quantities as large (for example profit) or as small (for example, average cost) as possible.

Some Standard Formula for Differentiation

Following are the some standard formula of derivatives by means of which we can easily find the

derivatives of algebraic, logarithmic and exponential functions. These are :

1. £= 0, where C is a constant.
dx

2. dx =— [x"] =n. x"!
dx dx

3. L f(x)=a[r(x)]

1 —(n+1)
4.i{x "]z—l.x "
dx n
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de* d(,\ .
5. o =a(e )—e

6. % [e£)]= eg(x).%[g(x)]
7. Ify = fiw) and U = g(x) then %:%X%
8. %(ax)zax.loge a
o dlf()tel)]_dlf@)], dlg()]
' dx dx  dx

d d !
10. % (log x)=“(In x)=2
dx(ogex) dx(n x) .

L TEY = )" then, @ = n gpgy—1 LK)
dx dx

d 1
12. —logxx == logge
e g X ga

13. d[f(x)g(x)] f(x)d[g(X)]+g(x)d[f(x)]

dx dx dx
f(x) X X
] ottt
o [¢(x)]

15. iag(") = ag(").i[g(x)lloga e
dx

dx
f(x+dx.y)—f(3€,y)} ong 44 _| SOy +dy)- f(x,y)
dx dy dy

ax

16.1f U = fix, v), ﬂ{
dx

= eaX

17. If y = e8X%, then its first derivative is equal to
x

2 _as

S e’ —
Second derivative is equal to > a’e™

dx
3 ax
Third derivative is equal to 3 ~ a’e®™and the nth derivative is denoted by
X
d'e” _ aleax
dx"

Derivative of Trigonometrically Functions

d d
18. &(Sin x) = Cos X. Ix (Cos x) = —Sinx
d d
19. gtan x) = Sec?x. 3y (Cotx)=— Cosec2x

d d
20. &(Sec x) = Sec x. tan x; &(Cosec x) =— Cosec x. Cot x

21. %(Sinlx)z 1_1x2; %(Coslx)z— lixz
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d -1 1 d -1 1
22, —\tan " x|)= ; —|\Cot "x|=-
dx( ) 1+ x? dx( ) 1+ x?
d 1 d 1
23. —(Sec’lx)z —;—(Co sec’lx)z _—
dx xAlx?-1 dx xvx? -1
Si
SinZx + Cos2x = I; tanx= Cm X
0s X
C
SecZx — tanZx = 1; Cotx= SF)S X
in x
When x and y are separately expressed as the functions of a third variable in the equation of a

dy

curve is known as parameter. In such cases we can find dax without first eliminating the

parameter as follows:
Thus, if x =Q (t), y = v (1)
dy _dy dx
Then, 4 =ax +at
dy
Ay _de
T dx CLX
dt

Let us illustrate these different derivatives by the following examples.
Example - 1:

d
Ify = f(x) = a; find —

dy
Solution:

dy _d@

dx ~ dx =0, since a is a constant, i.e.,'a' has got no relationship with variable x.

Example - 2:
Differentiate the following functions, with respect to x,
(i) y =~/x, (i) y = 8x7 (iii) y= 3x3 -6x2+2x -8
Solution:

1

We know that\/; =X
1
1 1 _L
dy _d 5] 1 50 1 =5 1 dy 1
dx ~ dx Ex J—E.xz —2X = .Henced =
(i) & = (8x )
—8—(x 5) = 8(-5) x 6 = - 40x 6=~
Therefore, %X =__40
X xb
dy d
(iii) g =, (3x3 -6x2+2x -8)

d 1 3% 5o L (6x2) + (2x> dx = ®
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=13.3x3-1-2.6.x2-1+2-0 = 9x2-12x+2

Thus, %X =9x2 -12x + 2.
X

Example -3:
Differentiate eX(log x) . (2x2+3) with respect to x.
Solution:

Lety = eX.(log x) . (2x2 + 3)
dx
1
=eX(10gx)(4x)+eX(2X2+3); + logx(2x2+3)eX

2+3
X

= eX[4x.logx + +(2x2 +3) logx]

d 2x2+3
So, <X = eX[4x.logx + = + (2x2 +3) logx]

cdx X
Example—4:
2+31 d
Ify=""72% find O
X“+5 X
Solution:
2+3log x
YT 2
x4+5
(x? +5)i(2+3lo x)—(2+3lo x)i(x2 +5)
dy _ dx g g dx
dx (x* +5)?
2iay 2 15 15
(x~+5) (X)—(2+3logx)(2x) X —6xlogx dy —x —6xlogx
X - =
= = ‘Thus, 7= =
(x2+5)2 (x2+5)2 dx (x2+5)2
Example-5:
d
Find ¢, if y = logy/4x+3
Solution:

Lety = log\4x+3
1

5 1
= log(4x +3)2 =75 log (4x +3)

dy d 1 1 d 11 __2
dx “dx [ leg(x3)]=5 .13 X ) =5 53 4T axas
dy 2
dx T 4x+3

Example-6:

Find the first, second and third derivatives when y = x.ex2
Solution:

y= x.eX2

First derivative,

d d d d
& = (log X (2x24+3) +eX(2x2+3). 3~ (logx) + (log x). (2x2 +3) 3 (e¥)
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d d d
Ez =Xy X2 +ex2. Ix x) = x.eX2, 2x + X2 1 = ex2 (2x2 +1)
2
Second derivative, 3421 = exz.2x(2x2+1) +eX2 4x
X
= X2 4x3 e 2x +eX2 dx = X2, (4x3 + 2x + 4x)

= X2, (4x3 + 6x)
Third derivative,

3

‘”3& = X2 2x (4x3 + 6x) + X2 (12x2 + 6)

dx
= X2 gx4+ e 12x2 + X2 (12x2 + 6) = X% (8x4 + 12x2 + 12x2 + 6)
= X2 (8x4 + 24x2 + 6)

Example-7:

— logx dy
Ify=x g,ﬁnddX

Solution:

Given, y = xlogx

Taking logarithm of both sides, we have
log y = log (xlOgX) = logx. logx = (logx)2
Differentiating with respect to x, we get

1 dy d d 1
; ‘ a% _ a (logx) 2 =) (10gx)2-1a (logx) =2 logx. ;

2xlogx, logx
X

dy _ 1.
Hence, ax ~Y (2 logx. X )=

Questions for Review:

These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions :

1. Define differentiation. What are the fundamental theorems of differentiation?

2. Why is the study of differentiation important in managerial decision making?

3. Find the derivative of the following functions with respect to x.

3 5x249
i) 5x44+== — 8x2+7x, (i) (2x3-5x2+2) (4x2=3/x ) (i) ——
x5 3x-2
(iv) (3x2-2x+5)3/2 (v) 5¢eXlogx, (vi) x2+3xy+y3=5 (vii) ex*
ddy 6

—x3 —
4. If y=x° log n, show that 4 X

5. Differentiate the following w. r. to X

(i) Sin x €08 X i) 20

(iii) e#*+log sin x

iv) (sin-Ix)log x
3

dvy
6. Ify= 8x3-5x3/243x2_7x+5 : find )
X
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Lesson-2: Differentiation of Multivariate Functions

After studying this lesson, you will be able to:

> State the nature of multivariate function;

» Explain the partial derivatives;

» Explain the higher- order derivatives of multivariate functions;

» Apply the techniques of multivariate function to solve the problems.

Introduction

The concept of the derivative extends directly to multivariate functions. During the discussion of
differentiation, we defined the derivative of a function as the instantaneous rate of change of the
function with respect to independent variable. In multivariate functions, there are more than one
independent variable involved and thereby, the derivative of the function must be considered
separately for each independent variable. For example, z = f (x, y) is defined as a function of two
independent variables if there exists one and only one value of z in the range of f for each ordered
pair of real number (x, y) in the domain of £ By convention, z is the dependent variable; x and y
are the independent variables.

To measure the effect of a change in a single independent variable (x or y) on the dependent
variable (z) in a multivariate function, the partial derivative is needed. The partial derivative of z
with respect of 'x' measures the instantaneous rate of change of z with respect to x while y is held

constant. It is written %,ZL, fx (x, ¥), fx or Zx. The partial derivative of z with respect to y
X dx

. o S dz d
measures the rate of change of z with respect to y while x is held constant. It is written as: —Z,—f

dy dy

Sy (%, ), fy or Zy.
Mathematically it can be expressed in the following way:

dz _ o f (A y) - f(x,y)

dx A0 Ax
dz_ o Syt ay)- f(xy)
dy Ax—0 Ay

Partial differentiation with respect to one of the independent variables follows the same rules as
differentiation while the other independent variables are treated as constant.

This is illustrated by the following examples.

Example—1:

Find the partial derivatives of M =f(x, y, z) = x2+5y2+20xy+4z.

Solution:

To determine the partial derivative of f with respect to x, we treat y and z as constants.

d

ST =fx' = 2x+20y.

Similarly, in determining the partial derivative of f with respect to y, we treat x and z as a

dm .
constants. E =fy =10y +20x

Finally, treating x and y as constants, we obtain the partial derivative of f with respect to z e

fz'=4

The same procedure is applied in the following examples.
Example — 2:

Determine the partial derivatives of
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Z="5x3 -3x2y2 + 793
Solution:

dz d d d
o = () B ()

= 15x2—6xy2+0
dz

Sk 15)c2—6xy2
.dz d d d
Again d_y = d_y (5x3) —3x2d—y (yz) tx (7y5)
=0- 6x2y + 35y4
d
d_fl = 35y4— 6X2y.

Example-3:
Find the partial derivatives of z = (5x + 3) (6x + 2y)

Solution:

dz d d
= (5x + 3).& (6x+2y) + (6x +2y). ax (5x+3)

= (5x +3). 6 + (6x +2)). 5

=30x +18 +30x +10y
dz
Sk 60x +10y +18

dz:

Again d_y (5x + 3). diy (6x+2y) + (6x + 2y). dix (5x+3)
=(5x+3).2+(6x+2y).0
% =10x+6+0 =10x+6
y

Higher-Order derivatives of Multivariate Functions
The rules for determining higher-order derivatives of functions of one independent variable apply
to multivariate functions. Derivatives of multivariate functions are taken with respect to one
independent variable at a time, the remaining independent variables being considered as
constants. The same procedure applies in determining higher-order derivatives of multivariate
functions.
For instance, a function f (x, ) may have four second-order partial derivatives as follows:
Original function First partial derivatives Second-order partial derivatives

, &f a
frxp orgoort L
] ap
[y @ y)or=
, d&’f
fyx(x’ y) Ordy dx
fx )
, d , &
£ ) or—d(g INERY! oraa%
Pf df

fy”y (x, y) or dy dy or dy2
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The second-order partial derivatives f and f)) are obtained by differentiating /)", with respect
. . . . . . . " 14
to x and with respect to y respectively. Similarly the second-order partial derivatives f and f7

are obtained by differentiating fy, with respect to x and with respect to y respectively.
The cross (or mixed) partial derivative f, or f] indicates that first the primitive function has

been partially differentiated with respect to one independent variable and then that partial
derivative has in turn been partially differentiated with respect to the other independent variable:

().l (d2) _ %z
fxy:(fx)y_dy(dx) = dydx

o d (d2  d?z
I = (fy’)xza(d_y) = dxdy
The cross partial is a second-order derivative, which are equal always. That is
dz B dz
dydx  dxdy
or, fo = fr
This is illustrated by the following examples.
Example—4:

Determine (a) first, (b) second and (c) cross partial derivatives of Z = 7x3 + 9xy +2)°.
Solution:

dz dz
4z _ ., _ 542 .
(a) i Zx =21x%+9y; dy =7= 9x+10y
d?z d?z
&z _ ., EZ 4003
(b) 02 2y = 42x; dy2 Zy, = 40y°.
Pz d dz d
- E =L o2 7 -
Vdvds ~dy dx — dy (I = Z=9
&z d dz
dxdy —drdy _dx e OO =2, =9,
Example-S5:
Determine all first and second-order derivatives of Z = (x2+3y3)4
Solution:
d
T =4 (23y3)3 2x = 8x (x243y3)3
d
d—; = 4 (x2+3y3)3. 9y2 = 36y2 (x2+3y3)3
42
d—z = 8x[3(x2+3x3)2 (2x)] + (x2+3y3)3. 8
X
= 48x? [x2+3x3]2 + 8(x2+3y3)3
42
"3 —3602 36243532 0D + (243y3)3 T2y
ly
d’z d dz
Ddx —dy - dv = S BEHHH O]
=216xy2 (x243y3)2
2z d dz
axdy ~dx cdy =36y2 [3 (x2+313)2. 2x]

=216xp2 (x2+3y3)2
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Optimization of Multivariate Functions
For a multivariate function such as z = f (x, y) to be at a relative minimum or maximum, the
following three conditions must be fullfiled /met:

1. Given z = f'(x, y), determine the first-order partial derivatives, f. (x, y) and f ,(x, y) and

all critical point/values (g, b); that is, determine all values (a, b) such that f(a, b) =
fy (a, b)=0
2. Determine the second-order partial derivatives, f. (x, y), S (x, y), 1 (x, y) and f) (x, y)

x

[Note: the cross partial derivatives f, (x, y) (x, y) and f) (x, y) (x, y) must be equal to one

another; otherwise the function is not continuous. |
3. Where (a, b) is a critical point on f; let D = f (a, b). f (a, b)=[f], (a b)]2

Then

(i) IfD>0and f] (a b) <O, f has a relative maximum at (a, b)

(ii) If D>0 and f (a, b) > 0, f has a relative minimum at (a, b).

(ii1) If D<0, f'has neither a relative maximum nor a relative minimum at (a, b)
(iv) If D=0, no conclusion can be drawn; further analysis is required.
This is illustrated by the following example.
Example-7:
Determine the critical points and specify whether the function had a relative maximum or
minimum,

z=2p3—x3+147x—=54y+12.

Solution:

By taking the first-order partial derivatives, setting them equal to zero, and solving for x and y:
ze=-3x2+147=0 2y = 6)2—54=0

or, x2=49 or, 6y2 = 54

Sx=47 Sy=43

This mean that we must investigate four critical points, namely (7, 3), (7, =3), (-7, 3) and (—7,-3).
The second-order partial derivatives are
Ly =—06x Zy =12y

(1) Zw (7,3) =—6(7) = —42 <0 Zy (7,3)=12x3=36>0

2)Z«(7,-3)==6(7)=-42<0  Z, (7,-3)=12x-3=-26<0

(3) Z (7, 3) =—6(=7) = 42>0 Zy (-7,3)=12x3=36>0

4) Zo (-7 -3)=—6(-7)=42>0 Z,, (-7, -3)=12x-3=-36<0
Since there are different signs for each of the second-order partials in (1) and (4), the function
cannot be at a relative maximum or minimum at (7, 3) or (=7,-3). When f and f[ are of

different signs, ( Sy )cannot be greater than f ;'y and the function is at a saddle point.

With both signs of second-order partials negative in (2) and positive in (3), the function may be at
a relative maximum at (7,—3) and at a relative minimum at (-7, 3), but the third condition must be
tested first to ensure against the possibility of an inflection point.
From the first partial derivative, we obtain cross partial derivatives and check to make sure thatZ,
(a, ). Zyy (a,b) > [Zy (a, D)]?

Hence, Z, =0 and Z,x =0
Zux (a, b).Zsy (a, b)> [Z2y (a, b)]?
From (2), (—42). (-36)>(0)*
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[

[J..1512>0

From (3), (42). (36) > (0)2
s 1512>0.
Hence the function has a relative maximum at (7,—3) and a relative minimum at (=7, 3).

Questions for Review
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1.

Determine first, second and cross — partial derivatives of

Six, y) = 2x2 + 4xy2 =52 + 3

Determine the first and second—order partial derivatives of the function

fix, v, z)= x2eY In z.

Examine the function, z (x, y) = x2 + y2 —4x + 6y for relative maxima or minima by using

second- order derivative test.
Find the partial derivatives for z = (6x + 4) (4x + 2y).
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Lesson-1: Matrix: An Introduction

After studying this lesson, you should be able to:

> State the nature of a matrix;
» Explain matrix representation of data.
» Define different types of matrices.

Introduction

J. J. Sylvester was the first to use the word ‘matrix’ in 1850 and later on in 1858 Arthur Cayley
developed the theory of matrices in a systematic way. Matrix is a powerful tool of modemn
mathematics and its study is becoming important day by day due to its wide applications in every
branch of knowledge. Matrix arithmetic is basic to many of the tools of managerial decision
analysis. It has an important role in modern techniques for quantitative analysis of business and
economic decisions. The tool has also become quite significant in the functional business and
economic areas of accounting, production, finance and marketing.

Matrix

Whenever one is dealing with data, there should be concern for organizing them in such a way
that they are meaningful and can be readily identified. Summarizing data in a tabular form can
serve this function. A matrix is a common device for summarizing and displaying numbers or
data. Thus, a matrix is a rectangular array of elements and has no numerical value. The elements
may be numbers, parameters or variables. The elements in horizontal lines are called rows, and
the elements in vertical lines are called columns.

A matrix is characterized further by its dimension. The dimension or order indicates the number
of rows and the number of columns contained within the matrix. If a matrix has m rows and n
columns, it is said to have dimension (m x n ), which is read as: m by n.

ap 4y a3
Example: 4 =| a,, a,, a,,

as a3 a3
Types of Matrices:

Row Matrix: The matrix with only one row is called a row matrix or row vector.
For example: 4 = (2 3 4).
Column Matrix: The matrix with only one column is called a column matrix or column vector.
2

For example: 4 =3

4

Row matrix and column matrix are usually called as row vector and column vector respectively.
Square Matrix: If the number of rows and the number of columns of a matrix are equal then the
matrix is of order n x n and is called a square matrix of order #.

1 2
For example: 4 =
3 4

Rectangular Matrix: If the number of rows and the number of columns of a matrix are not equal
then the matrix is called a rectangular matrix.

1 2 3
For example: A =
4 5 6
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Singular matrix: A square matrix 4 is said to be singular if the determinant formed by its
elements equal to zero.

2 1
For example: Let 4 = .
4 2

Determinant of 4 =|A| =(2x2)—(4x1)=0.

Hence 4 is a singular matrix.
Non-singular Matrix:
A square matrix A4 is said to be non-singular if the determinant formed by its elements is non-

zZero.
5 3
For example: 4 =
2 4

|4 =(5x4)-(3x2)=20-6=14.

Hence 4 is a non-singular matrix.
Null or Zero Matrix: The matrix with all of its elements equal to zero is called a null matrix or
Zero matrix.

0 O
For example: A4 =
0 O

Diagonal Matrix: A matrix whose all elements are zero except those in the principal diagonal is
called a diagonal matrix.

a 0 0
For example: 4=| 0 a,, 0
0 0 a;,

Scalar Matrix: A diagonal matrix, whose diagonal elements are equal, is called a scalar matrix.
5 0
For example: 4 =
0 5

Sub-Matrix: A matrix that is obtained from a given matrix by deleting any number of rows and
any number of columns is called a sub-matrix of the given matrix.

5 3 2

1 2
For example: A = (3 4) is a sub-matrix of B =| 1 1 2
7 3 4

Unit matrix or Identity matrix: A matrix with every element in the principal diagonal equals to
one and all other elements equal to zero is called a unit matrix. A unit matrix is a square matrix. It
is denoted by /.

I 0
For example: A =
0 1

Equal Matrix: Two matrices 4 and B are said to be equal if their corresponding elements are
equal.

I 3 I 3
For example: Let A = , B= then A= B
4 2 4 2

Transpose of a Matrix: If the columns of a given matrix A4 are changed into rows or the rows are
changed into columns, the matrix thus formed is called the transpose of the matrix 4 and it is
generally denoted by A”.
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1 2 3 1 4 7
For example: Let A={4 5 6| then AT =|2 5 8
7 8 9 3 6 9

Symmetric Matrix: A square matrix A4 is called symmetric if it be same as its transpose so that 4
=A".

a h g a h g
For Example: Let A=|h b f|then A" =|h b f
g f c g f c

i.e., 4=A", s0 4 is a symmetric matrix.
Skew-Symmetric Matrix: A square matrix 4 is called skew-symmetric if 4= — A4.

0 h g
For example: Let A =| -h 0 f
-g  -f 0
0 -h -g
thend"= A" =| h 0 -f|=-4
g f 0
ie., A" =—A, hence 4 is a skew-symmetric matrix.

Involuntary Matrix: A square matrix 4 is called involuntary matrix provided it satisfies the
relation 4° = I, where [ is the identity matrix.

1 1
For example: A4 =
0 -1
Idempotent Matrix: A square matrix A4 is called idempotent matrix provided it satisfies the
relation 4> = 4.

2 -2 4
Example: A =] -1 3 4
I -2 -3

Nilpotent Matrix: A square matrix 4 is called nilpotent matrix of order m provided it satisfies
the relation A” =0and 4™ # 0, where m is a positive integer and 0 is the null matrix.

1 2 5
For example: 4 =| 2 4 10| since A= 0,4°=10
-1 -2 -5

Complex Conjugate of a Matrix: It is a matrix obtained by replacing all its elements by their
respective complex conjugates.

2 +31 5 — (2 =31 5
For example: If 4 = . then 4 = .

3 -3i 7 3 +31 7
Hermitian Matrix: A matrix having complex elements of a square matrix 4 is a Hermitian
matrix. If (A)' = A, then 4 is called Hermitian matrix.

Skew-Hermitian Matrix: A matrix having complex elements for matrix A4.(A) =—A.4 is skew
hermitian matrix.
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Co-factor Matrix
A matrix, which is formed by the co-factors of the corresponding elements, is called co-factor
matrix and is denoted by A°.

then, the co-factor matrix, 4 =| c,,

C31 C3p  Cy

Adjoint Matrix:
The Adjoint matrix is the transpose of the co-factor matrix, thatis adjd = 4, = (cof A’

Orthogonal Matrix: A square matrix 4 is called an orthogonal matrix if 44" = A"A=1,
where / is an identity matrix and A" is the transpose matrix of 4.

Questions for Review:
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1.

2.
3.
4

What do you understand by matrix?
Why matrix algebra is so important in business and economics? Explain.
Discuss the various types of matrices.

In an examination, 20 students from college A, 30 students from college B and 40 students
from college C appeared. Only 15 students from each college could get through the
examination. Out of them 10 students from college A, 5 students from college B and 10
students from college C secured full marks. Write down the above data in matrix form.
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Lesson-2: Matrix Operations

After studying this lesson, you should be able to:

» Express the concept of matrix operations;
» Add or subtract given matrices;
» Multiply given matrices.

Introduction

The operations of matrices are addition, subtraction, multiplication and division of which addition
and multiplication are the main operations. In this lesson we will discuss some of the operations
of matrix algebra.

Matrix Addition

Two matrices of the same dimensions are said to be conformable for addition. The addition is
performed by adding corresponding elements from the two matrices and entering the result in the
same row-column position of a new matrix.

If A and B are two matrices, each of size m x n then the sum of 4 and B is the m x n matrix C

whose elements are Cl.j = Aij +B,;i=1,2,3... mand;j=1,23,. . .n
Properties of Matrix Addition:
o  Commutative law: Matrix addition is commutative. If 4 and B are two matrices of same
order mxn,then A+ B=B+ A4.
e Associative law: Matrix addition is associative. If 4, B and C are three matrices of same
order mxn,then A+(B+C)=(4+B)+C.
o Distributive law: If A and B are two matrices of same order m x n, and K is any scalar, then
K(A+B)=KA+KB.
e  Existence of additive identity: If O denotes null matrix of the same order as that of 4, then
A+O0=4=0+4.
e FExistence of an additive inverse: If A be any given m x n matrix and there exists another
m x n matrix B such that 4+ B =0 = B+ A ; where O be the m x n null matrix.
e Cancellation law: If A, B and C are three matrices of same order (mxn) , then

A+C=B+C= A=8B.
Example-1:

Find the sums A + B of the following matrices
8 9 13 4

A= andB =
12 7 2 6

Solution:

A+ B = 8+13 9+4) _ (21 13
12+2 7+6 14 13

Matrix Subtraction

The subtraction of two matrices is possible only when they are of the same order. Such matrices
are said to be conformable for subtraction. The subtraction is performed by subtracting
corresponding elements of the two matrices and entering the result in the same row-column
position of a new matrix.

If A and B are two matrices, each of size m x n then the subtraction of 4 and B is them xn

matrix C whose elements are Cl.j :Aij -B;;i=1,2,3... mandj=1,2,3,...n
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Example-2:
Find the difference 4 — B of the following matrices

3 7 11 6 8 1
A= and B =
12 9 2 9 5 8

Solution:
3-6 7-8 11-1 -3 -1 10
A-B = =
12-9 9-5 2-8 3 4 -6
Scalar Multiplication of a Matrix
A matrix can be multiplied by a constant by multiplying each component in the matrix by the
constant. The result is a new matrix of the same dimensions as the original matrix.

If K is any real number and 4 = [a;/ is an m x n matrix, then the product K4 is defined to be the
matrix whose components are given by K times the corresponding component of 4, i.e., KA =
[Ka]
Laws of scalar multiplication:

6)] K(A+B)=KA+ KB

(i1) (K, +K,)A=K A+K,A

(iii) 4= A4

(iv) (K,K,)A=K,(K,A).
Example-3:

1 0 1

IfA4=2 1 2 |,Find 54.
3 2 1

Solution:

I 0 1 5 0 5
54=5/2 1 2|(=[10 5 10
3 2 1 15 10 5

Multiplication of Matrices
If the number of columns of the first matrix is equal to the number of rows of the second matrix,
such matrices are said to be conformable for multiplication. Let 4 be a matrix of order m X p

and B be a matrix of order p x n . Then the product AB is defined to be a matrix C of order m x n

Properties of Matrix Multiplication
e Associative law: Multiplication of matrices is associative i.e. A(BC)=(4B)C.
e Distributive law: Multiplication of matrices is distributive with respect to matrix addition
Le. A(B+C)=4B+ AC.
o Multiplication of a matrix by a null matrix: If A is nxm and O is m x n matrices, then
AO0O=0=04.

e Multiplication of a matrix by a unit matrix.: If A is a square matrix of order nxn and / is
the unit matrix of same order, then /4 = 4 = A1 .

e Multiplication of matrix by itself: If A is a square matrix then 4.4 = A4°.
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Example-4:
2

Find AB, where A=[9 11 3]and B=|6
7

Solution:

The matrices 4 and B are conformable for multiplication. The dimensions of A and B are 1x 3
and 3 X 1 respectively, i.e., the product matrix AB will be 1x 1 and a scalar, derived by
multiplying each element of the row vector by its corresponding element in the column vector

and then summing the products.

AB =[9 x 2)+ (11 x 6)+(3 x 7)]=18+66+21=105.

Example-5:

2 3 1 1 2 -1
If A= and B = .
(0 -1 5} (0 -1 3)

Find (i) 34— 4B
301 1 2 -1
4
-1 sj (0 -1 3j
9 3 4 8

(ii) 24 - 3B
-4
-3 15) o -4 12

Solution:
-4 9-8 3-(-4)
-0 -3-(4) 15-12

) 34-4B =3 2
(1) =3l

S D O N O O

(ii) 24 3B :2(
(4 6 2 36 -3
o -2 10}(0 -3 9]
4
0
1
0

3 6-6 2-(-3)
-0 -2-(-3) 10-9

Example-6:

31 2 1 4
IfA4=|{0 1 1|and B=|2 2
1 2 0 I 0

then find 4B. Whether B4 exists? Give reason.
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Solution:
3 1 2 1 4

AB=10 1 1|x |2 2
1 2 0 1 0
31+12+21 34+12+20
=101+12+1.1 04+12+1.0
1.1+22+0.1 14+22+0.0

Here A4 is a matrix of order 3 X 3 and B is a matrix of order 3 X 2. Hence BA does not exist as
number of columns in B is not equal to the number of rows in A.

Questions for Review:
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1 2
1. If 4= ; Oj’ find A* +3A4+ 51 where Iis unit matrix of order 2.
1 2 4 5 ) )
2. If A= and B = . Find a matrix C such that A+ B =2C'.
3 4 6 7
3 -3 4
3. If A=2 -3 4|, find 4°.
0 -1 1
1 2
) 3 5 9
4. Given A=|3 6 |, B=
6 -2 1
5 8

(i)  Write down the order of the matrices 4 and B.
(i1))  Write down the order of the product 4B.

(ii1)) Calculate 4B.

(iv) s it possible to calculate BA?

(v) IsAB = BA?

(vi) Are the following possible for operation?
A+B, A-B, 2B and A’
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Lesson-3: Determinant

After studying this lesson, you should be able to:

» State the concept of determinant;

» Describe the advantages of determinant;

» Express the Cramer’s rule;

» Solve the system of linear equations by Cramer’s Rule.

Introduction
The present lesson is devoted to a brief discussion of determinants and their more elementary
properties. The determinant concept is of a particular interest in solving simultaneous equations.

Determinant
An important concept in matrix algebra is that of the determinant. If a matrix is square, the
elements of the matrix may be combined to compute a real-valued number called the determinant
and is denoted either by the symbol A, or by placing vertical lines around the elements of the
matrix (like |A]) or simply by det.A. The signs of the successive terms in the expansion of
determinants will be alternately positive and negative until the last term is reached.

a4 A

If, A=|a, a, ay

Types of Determinants

First Order Determinant: A determinant of the first order is defined by the determinant of a 1 X
1 Matrix. The determinant of a 1 X 1 matrix is simply the value of the one element contained in
the matrix.

Let, A =[a,,] be a square matrix. Then |A| = a,, be a determinant of first order.

Second Order Determinant: A determinant of the second order is defined by the determinant of
a 2 X 2 Matrix.

a a
Let, A= { a = } is a 2 X 2 matrix and the determinant of 4 is

ay Ay
|A|— A _ _
= a1y —dpdy
ay A4y

That is the value of the determinant is given by the difference of the cross products.
Third Order Determinant: A determinant of the third order is defined by the determinant of a 3
X 3 Matrix.

a, 4, 4y

Let, A=|a, a, a, |isa3X 3 matrix and the determinant of 4 is
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Minors and Co-factors: The method discussed earlier applies for calculating the determinant of
a 2x2 or3x3 matrix. It does not, however, apply to matrices of higher dimensions. It is
required a procedure for calculating a determinant that applies to any square matrix. This
procedure is termed as the method of co-factor expansion. Before discussing the method of co-
factor expansion, we must define two terms minor and co-factor.

Minors

The minor of an element is defined as a determinant by omitting the row and the column
containing the element. Thus, a minor is the determinant of the sub matrix formed by deleting the
i-th row and j-th column of the matrix.

Ifamatrix, 4=|a, a,, day

. Ay Ay
then — minorof a;, =M, =
a; Ay
a a
. 21 2
minor of a, =M, =
a3 Ay
. ay Ay
minor of a; =M ; = and so on.
a3 Ay

Co-factors
The co-factor of an element is the co-efficient of the element in the expanded form and is equal to
the corresponding minor with proper sign. Thus, a co-factor is a minor with a prescribed sign.

The rules for the sign of a co-factor of any element = (—1)"*/ x its minor, where i = number of
row and j =number of column.
— — it
The co-factor of a, =c, =(-1)""M,
For example, co-factor of a,, = (=1)'""'M,, = M,,
co-factor of a, =(-1)""" M, =-M,

Example-1:
Find the minors and co-factors of the elements at the 1% row of the determinant

1 2 3

4 5 0
3 2 7
Solution:
5 0
The minor of the element 1, i.e., a,, is M, = ‘2 7‘ =35

4 0
The minor of the element 2, i.e., a,, is M, = ‘ 3 ‘ =28
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3 2
The co-factor of 1, i.e., a,, is C,, = (=1)""" .35=35
The co-factor of 2, i.e., a,,is C,, = (=1)""* .28 = 28

The co-factor of 3, i.e., a,is C,3 = (=1) (-7)=-7
Expansion of Determinant and Use of Sarrus Diagram

45‘

The minor of the element 3, i.e., a,; is M ; = ‘

ap; a;, 4y

Let|A|= a, A, a4y

If the co-factor of a,,,a,, and a,, are 4,,,4,, and A4, respectively, then
|A| =a, 4, +a,d, +azA;
Sarrus Diagram:We can find out determinant value of a given matrix very conveniently by
using Sarrus diagram. It is found by the following process:
(i)  Rewrite the first two columns of the matrix to the right of the original matrix.
(il)) Locate the elements on the three primary diagonals (P, P> P3) and those on the three
secondary diagonals (Si, S, S3).
(ii1) Multiply the elements on each primary and each secondary diagonal.
(iv) The determinant equals the sum of the products for the three primary diagonals minus the
sum of the products for the three secondary diagonals.

a4 4

Let A=|a,, a,, a, |,thedeterminant may be found by the following process

ay; 4y dgy

Thus, algebraically the determinant value is computed as

|A| = (a0, Q53 + a1,0,305, +a,30,,05,) —(A3,0,5,0,5 + 3,050, +a330,,a,)

ap ap,, dp

Hence expansion of the determinant of | a,, a,, a,;|will be

=0a,,(ayay; — a3,ay;) —a,,(ay,ay; — a30,5) + a3 (0,05, — ay,ay,)

= a4, +a,4, +azd,
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Example-2:

1 5 3
Find the value of | 2 0 5
-4 1 -2
Solution:
1 5 3
LetD=| 2 0 5
-4 1 -2

—1(0—-5)—5(-4+20)+3(2-0)
= (-5-80+6)="79.

Properties of Determinants
Certain properties hold for determinants. The following properties can be useful in computing the
value of the determinant.
e If two rows or columns are interchanged in a determinant, the sign of the determinant
changes but its value is unchanged.

e If rows are changed into columns and columns into rows, the determinant remains
unchanged.

e Iftwo rows or columns are identical in a determinant, it vanishes.

e [f all the elements of any row or column are zero, the determinant is zero.

e If any multiple of one row or column is added to another row or column, the value of the
determinant is unchanged.

e [If any row or column is a multiple of another row or column, the determinant equals to
Zero.

Example-3:

1 1 1
Show that | a b c |=(a-b)(b—-c)c—a)
a’ b’ ¢’
Solution:
Applying C'1 =C, — Cy; C', = C, — C3 we get
0 0 1
a-b b-c c
a’-b>  b>-¢* ¢
B 1
=(@-b)(b-c) a+b b+c

=(a-b)(b-c)(c—a)
Example-4:

a+b+2c a b
Show that c b+c+2a b =2(a+b+c)
c a c+a+2b

Solution:
Applying C'y = C; + C, + Cs, we get
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2a+2b+2¢ a b

=|2a+2b+2c b+c+2a b
2a+2b+2c¢ a c+a+2b
1 a b

=2(a+b+c) b+c+2a b
a c+a+2b

1
1
Applying Rt =R; —Rz; R2=R;—Ro3

0 -(a+b+c) 0
=2(a+b+c)| 0 (a+b+c) -(a+b+c)

1 a c+a+2b
=2(a+b+c)

Cramer’s Rule and Its use in the Solution of Equations
Cramer’s rule is a simple rule using determinants to express the solution of a system of linear
equations for which the number of equations is equal to the number of variables. This rule states

X. =—- where x, is the i-th unknown variable in a series of equations, D is the determinant of
"D

the coefficient matrix, and D; is the determinant of a special matrix formed from the original

coefficient matrix by replacing the column of coefficients of X; with the column vector of
constants. Thus, Cramer’s rule can be fruitfully applied in case D # 0.
Example-7:

Solve the following system of equations by using Cramer’s Rule.
5x—-6y+4z=15

Tx+4y—-3z=19
2x+y+6z=46

Solution:
5 -6 4
Here D= |7 4 —-3| =419
2 1 6
15 -6 4
Dy=|19 4 -3 | =1257
46 1 6
5 15 4
Dy =117 19 -3|=1676
2 46 6
5 -6 15
D=7 4 19 | =2514
2 1 46
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We know from the Cramer’s Rule, __in:i
. D, D, D
D 1257
Hence x =— = ——=
D 19
D, 1
D 419
D 2514
z=—2=—=6
D 419

Questions for Review:
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

1. Find all the minors and co-factors of the following determinant

1 2 3
4 5 7
-2 8 1
1 a’
2. Show that | | b b’ |=(a—b)b-c)c—a)
1 c ¢’
a-b—c 2a 2a
3. Show that |  2p b-c-a 2b  |=(a+b+c)’
2¢ 2¢ c-a—-b
X+y X y
4. Find the value of X X+z z
y z y+z
5. Solve the following system of equations by using Cramer’s Rule:
xX+5y-z=9
3x-3y+2z=7
2x—4y+3z=1
6. Solve the following system of equations by using Cramer’s Rule:
x—y+z=1
x+y-2z=0
2x—y—-z=0
p+X q+x r+Xx
7. Solve the equation | q+x I+Xx p+x |=0
r+Xx p+X q+x
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Lesson-4: Matrix Inversion

After studying this lesson, you should be able to:

» Explain inverse matrix;
» Solve system of linear equations by inverse matrix method.

Introduction

The operation of dividing one matrix directly by another does not exist in matrix theory but
equivalent of division of a unit matrix by any square matrix can be accomplished (in most cases)
by a process known as inversion of matrix. The concept of inverse matrix is useful in solving

simultaneous equations, input-output analysis and regression analysis.

Inverse Matrix

If A4 is a square matrix of order », then a square matrix B of the same order # is said to be inverse

of A if AB = BA = I (unit matrix).

Methods of Matrix Inversion

There are several methods for determining the inverse of a matrix; two of these are discussed in

below.
(1) Co-factor matrix method.
(i1) Gauss- Jordan Elimination method.

Working Rule for Inverse Matrix (Co-factor matrix method)

To evaluate the inverse of a square matrix A, we should follow the following steps:
(i)  Evaluate |A| for the matrix A and be sure that |A|= 0
(i1)) Calculate the co-factors of all the elements of the matrix A.
(iii) Find the matrix of the co-factor AC.

(iv) Then find the Adjoint of A by taking transpose of A€ such that Adj A = (A°)".

(v) Finally divide all the elements of Adj A by |A| to get the required inverse A,
Example-1:

2 4
Find the inverse of the matrix, 4 = {3 8}

Solution:

2 4
The determinant of the matrix A is, |A| = ‘ 3 8 ‘ =4%0

g8 -3
The co-factor matrix of A is, A€ = { 1 2 }

: 8§ -4
The Ad joint matrix of A is, 4’ = { PR }

Therefore, the inverse of A is,
=L Ly s
A 4| -3 2

Example-2:

1 2 0
Find the inverse of the matrix, A=| 1 0 -1
-1 3 2
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Solution:

1 2 0
The determinant of the matrix A is, |A| =1 0 -1=1
-1 3 2
3 -1 3
The co-factor matrix of A is, A =| -4 2 -5
-2 1 -2
3 -4 =2
The Adjoint matrix of 4is, 4" =| -1 2 1
3 =5 -2

Therefore, the inverse of 4 is,
. . 3 -4 -2 3 -4 -2
Al =—A" == -1 2 1{=]-1 2 1
A 1
3 -5 -2 3 -5 -2

Gauss-Jordan Elimination Method
To determine the inverse of anm x m matrix ‘4’, following are the steps

(i)  Determining the determinant value of 4, whether it is non-singular or not.
(i)  Augmenting the matrix 4 with an m x m identity matrix, resulting in ( 4 | I1).
(ii1)) Performing row operations on the entire augmented matrix so as to transform ‘A’ into an

m x m identify matrix. The resulting matrix will have the following form ( / ‘ A™)

where, the 4™ can be read to the right of the vertical line.

Example-3:

3 7
Find the inverse of the matrix, 4 = {2 5}

Solution:
Augmented the matrix ‘A’ by 2x 2 identity matrix, we get —

3 7110
2 500 1

1 Z| Iy o 1
303 applyingr, =r, ><§
2 5| 0 1
1z | Ly }
3003 applying, r, =7, =1, x2
0o 1L | A
L3 3
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Z‘ 1 0 . I _ 1

3 3 applying, r, =r, X—

0o 1] -2 3

10| 5 -7 L 7
applying, , =n —r, X—

0 1 |-2 3] 3

-2 3

Solution of Linear Equations by Using Inverse of Matrix
Matrix algebra permits the concise expression of a system of linear equations. The inverse matrix
can be used to solve a system of simultaneous equations. Let a system of linear equations are:

a,x+a,y+a,z=k

5 =7
So, the inverse of ‘A’ is, 4™ = { }

a,x+a,y+a,z==k,
a, x+ay,y+asz==k
It can be written in the matrix form as follows:

a; a;; a; | X k,
ay ay ay ||y |=|k,
as A4 as; J\Z k,
ap ap a3 X k,

AX = B;where,A=|a, a,, a, [, X=|y|,B=|k,
a3 dy a3 z k,
X=A4"'B

Example-4:
Use matrix inversion to solve the following system of equations

4x, +x,-5x;, =8
—2x, +3x, +x, =12
3x, —x, +4x, =5

Solution:
The given system of equations can be written in the matrix form

4 1 =-5(1x 8

-2 3 || x, |=]12
30 -1 4]|x] |5
X=A"B
4 1 -5

Now |4 =]-2 3  1/=98
3 -1 4
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13 11 -7

The co-factor matrix of A is 4 =|1 31 7
16 6 14
13 1 16
The Adjoint matrix of Ais, 4; =11 31 6
-7 7 14
13 1 16
. The inverse of Ais, 4™ = lA. _ L 11 31 6
A7 98 ~ ; 1

| 13 1 16 18 2
X=A’1B=% 11 31 6 [|12]=15
-7 7 14 (|5 1

.'.XJ=2,)C2=5,X3: 1.

Questions for Review:
These questions are designed to help you assess how far you have understood and can apply the
learning you have accomplished by answering (in written form) the following questions:

2 1 -1
1. Find the inverse of the matrix, 4 = | 2 1
5 2 2
1 3 4
2. Find the inverse of the matrix, 4 =| 3 -1 6
-1 5 1
3. Solve the following system of equations by using Gaussian method.
2x-5y+7z=6
x=3y+4z=3

3x-8y+11z=11
4. Use matrix inversion to solve the following system of equations:

X+y+z=3
xX+2y+3z=4
x+4y+9z=6
5. Use matrix inversion to solve the following system of equations:
xX+2y+3z=6
2x+4y+z=7

3x+2y+9z=14
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